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ABSTRACT 

The complete quantum theory of covariant closed strings is constructed in detail. The 
nonpolynomial action is defined by elementary vertices satisfying recursion relations that give 
rise to Jacobi-like identities for an infinite chain of string field products. The genus zero 
string field algebra is the homotopy Lie algebra L^ encoding the gauge symmetry of the 
classical theory. The higher genus algebraic structure implies the Batalin-Vilkovisky (BV) 
master equation and thus consistent BRST quantization of the quantum action. From the L^ 
algebra, and the BV equation on the off-shell state space we derive the L^ algebra, and the 
BV equation on physical states that were recently constructed in d — 2 string theory. The 
string diagrams are surfaces with minimal area metrics, foliated by closed geodesies of length 
2tt. These metrics generalize quadratic differentials in that foliation bands can cross. The 
string vertices are succinctly characterized; they include the surfaces whose foliation bands are 
all of height smaller than 2tt. 
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1. Introduction and Summary of Results 

One can hardly overstate the need for a complete formulation of string theory. This 
necessity arises both at a conceptual level and at a computational level. At the conceptual level 
we do not yet know the underlying principles of string theory. Such understanding appears to 
be a prerequisite for addressing deep issues of quantum gravity in the context of string theory. 
At the computational level we do not have yet the ability to calculate nonperturbative effects. 
Such effects seem to be needed in order to obtain realistic string models. 

The subject of this paper is the covariant theory of closed string fields [1-8] This theory, 
I believe, represents concrete progress in the construction of a complete formulation of string 
theory. The current formulation of closed string field theory is based in the BRST approach, 
which originated in the work of Siegel [9]. The theory appears to be the natural closed string 
analog of the interacting open string field theory constructed by Witten [10]. As we will 
discuss, it succeeds in generating the perturbative definition of the theory starting from an 
action based on a gauge principle. It also makes conceptually manifest the factorization and 
unitarity of the string amplitudes. The closed string field theory is apparently the first field 
theory for which the most sophisticated machinery for quantization, the Batalin-Vilkovisky 
(BV) field-antifield formalism [11-13], is necessary and useful in its full form. At present, 
however, the closed string field theory is not yet a complete formulation of string theory. 
Its most glaring shortcoming is that its formulation requires making a choice of a conformal 
background. In a complete formulation, this background should arise as a classical solution. 
Therefore, the question whether string field theory is the 'right' approach to string theory, is 
at present the question whether string field theory can be formulated without having to choose 
a conformal background. We may be encouraged by the fact that despite initial difficulties 
the construction of covariant closed string field theory was possible. The resulting theory, as 
will be elaborated here, has an interesting and novel algebraic structure arising from subtle 
properties of moduli spaces of Riemann surfaces. Moreover, as recent work of Sen indicates, 
the string field theory, while not manifestly independent of the conformal background chosen 
to formulate it, does incorporate such background independence to some degree [14]. There 
is therefore little evidence that we face difficulties that cannot altogether be solved in the 
framework of string field theory by extensions or modifications of the current formulations. 

The real obstruction to the construction of closed string field theory was, all along, the 
absence of a decomposition of the moduli spaces of Riemann surfaces compatible with covariant 
Feynman rules. A decomposition suitable for the classical theory (genus zero surfaces) was 
found in Refs.[l,2] by incorporating and generalizing the closed string extension of the open 
string vertex [10] and the tetrahedron of Ref. [4]. The mathematically precise proof that this 
was a correct decomposition revealed that the string diagrams were given by minimal area 
metrics [8], and this suggested a natural way to generalize the construction for higher genus 
surfaces. The decomposition of moduli space for the quantum theory was addressed in Ref. [5] 
using minimal area metrics and the ideas of [7], and the algebraic structure of the resulting 
theory was sketched in Refs.[5,6]. The assumptions used in these works regarding plumbing 



properties of minimal area metrics have now been established to a large degree in recent works 
by Ranganathan, Wolf, and the author [15,16]. 

Even though the main difficulty was geometrical, working out the algebraic implications 
of the geometrical constructions is both instructive and necessary. This amounts to giving the 
explicit construction of the string field vertices, with due care of technical issues like antighost 
insertions, and proving the set of identities they satisfy. These properties must also be shown to 
guarantee the consistency of the quantum theory constructed with the string field vertices. This 
is one of the main purposes of the present paper, it amounts to giving the detailed derivation 
and construction of the quantum closed string field theory sketched in Refs.[5,6]. Essentially 
we do for the full quantum theory what Kugo and Suehiro, in their important work, did for 
the classical theory [3]. We will also present new results involving an improved understanding 
of the algebraic structure of the theory, as well as new results on the concrete specification 
of the string vertices and the characteristics of minimal area metrics. Furthermore, we will 
show how to derive the algebraic structures on physical states recently discovered [17,18] in 
the context of two-dimensional string theory from the corresponding generalized structures of 
closed string field theory that are defined on the full off-shell state space. Let us consider some 
of the main points in the present paper. 

Algebraic Structure of Closed String Field Theory. The algebraic ingredients of the classical 
closed string field theory, as emphasized in [19], are a set of multilinear, graded-commutative 
string products m n , with n > 2, (n is the number of string fields to be multiplied) satisfying 
a set of Jacobi-type identities involving the BRST operator Q. This structure was seen to 
correspond to a homotopy Lie algebra [20]. This homotopy Lie algebra will be denoted as L^, 
in analogy to the homotopy associative A^ algebras [21], which are relavant to open string field 
theory and Chern-Simons theory [22,23]. We identify the closed string Lqq structure precisely 
by choosing a set of conventions that eliminates the need for ghost insertions in the identities 
relating the string products. This allows to interpret the BRST operator as generating the 
first product mj of the homotopy Lie algebra ([.£?] = QB where B is a string field), which 
streamlines the proof of gauge invariance. We compute the algebra of gauge transformations, 
and determine the field dependent structure constants and the extra terms that vanish upon use 
of the equations of motion. At the quantum level we have string products labeled by genus. 
The identity satisfied by all the products is given. This structure is not anymore an L^ 
structure due to the appearance of new terms involving a 'trace' over two of the entries of the 
string products. This new structure is shown to guarantee that the master action satisfies the 
quantum BV master equation. To this end, following the earlier work in open strings [24-26], 
we give a convenient assignment of fields and antifields in closed string field theory. Extending 
a result of Sen [27], we show that upon shifting the string field by a term that does not satisfy 
the classical field equations, the Loo algebra of the classical theory involving products m n with 
m > 1, acquires the zeroth order product mo, this product being just a special state vector. 
Despite the indirect construction, this is the algebraic structure of closed string field theory 
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formulated around a background that is not conformal. If we denote the special state by F, 
then the lowest identities of the resulting L^ algebra imply that the generalized Q satisfies 
QF = 0, and Q 2 B = —[F,B] for all string fields B. The new Q also fails to be a derivation 
with respect to the product, the failure being related to F being nonzero. We suggest the 
possible relevance of these structures to the problem of formulating string field theory without 
use of conformal backgrounds. 

Algebraic Structures on Physical States. The L^ structure and the BV structure of the closed 
string field theory is defined on the complete off-shell state space of the theory. On the other 
hand in recent works similar structures were obtained on the physical states of two-dimensional 
string theory [17,18]. The homotopy Lie algebra on physical states has itlq = mi = 0, and 
the first nonvanishing product is m<i. Here we show that, as conjectured in these works, the 
algebraic structures on physical states can be derived from those on the off-shell state space. 
This is general, and not peculiar to D = 2 string theory. We do this by showing how to truncate 
the basic identity of string field theory to physical states. This cannot be done naively with the 
original string products because of two reasons. First, when the closed string field products m n 
(for m > 3) are used to multiply physical fields, the resulting product is a physical field plus a 
BRST-trivial field, plus an unphysical field, which is problematic since it cannot be absorbed as 
part of the physical fields. Thus the original products do not close on physical fields. A second 
difficulty is that the original products, since they involve subsets of moduli spaces, would not 
agree with the physical products, which were defined by correlators over the full moduli spaces. 
These two difficulties have the same solution. We take a one parameter family of string field 
products, as the parameter grows the subsets defining the products grow, until they eventually 
cover the full moduli spaces. In this limit we can see that BRST decoupling of trivial states 
implies that the product of physical states cannot give an unphysical state, and we are able to 
derive the identities on physical states from the main identity of string field theory. For the 
full master equation this requires the use of the Kugo-Ojima quartet mechanism [28]. 

From Riemann surfaces to Feynman diagrams. The main difficulty in constructing string field 
theory was due to the lack of a suitable decomposition of the moduli spaces of closed Riemann 
surfaces. Any naive set of Feynman rules led to multiple or infinite overcounting of surfaces. 
Given a Riemann surface one must to be able to associate to it a unique Feynman diagram. 
This is achieved with a generalized minimal area problem [8] which asks for the (conformal) 
metric of least possible area under the condition that all nontrivial closed curves on the surface 
be longer than or equal to some fixed length, conventionally chosen to be 2n . Staring at the 
surface with its minimal area metric one can reconstruct the Feynman diagram from which 
it arises (§6.4). The idea is that a minimal area metric must have closed geodesies of length 
2n that foliate the surface. These geodesies form foliation bands, that is, annuli foliated by 
homotopic geodesies. The height of a band is defined to be the shortest distance (on the band) 
between its boundaries. In contrast with metrics that arise from Jenkins-Strebel quadratic 
differentials [29], where the geodesies (horizontal trajectories) intersect in zero measure sets 



(critical graphs), the minimal area metrics can have bands of geodesies that cross. A band 
of height greater or equal to 2ir cannot be crossed by any other band of geodesies and must 
be isometric to a flat cylinder of circumference 2n [15,16]. These are the propagators. The 
bands of infinite height are the external legs of the diagram. If the surface has no finite height 
foliation of height bigger than 2-7T, then the whole string diagram corresponds to an elementary 
interaction V fl>n , where n > is the number of infinite height foliations, and g is the genus 
of the surface. On each propagator, which is a flat cylinder, we mark two closed geodesies, 
each a distance is from each boundary of the cylinder. We also mark one curve, a distance 
n from the boundary on the semi-infinite cylinders. The string diagram is cut open along all 
these curves and the surface breaks up into a number of semi-infinite cylinders, the external 
legs, a number of finite cylinders, the propagators, and a number of surfaces with boundaries, 
that correspond to the elementary interactions. Those surfaces have 'stubs' of height tt on 
each of their boundaries, arising from the height n foliation that was left attached from the 
bands that gave rise to the propagators. It is interesting that a foliation of height less than 
27r, even though it may look like a propagator (if it happens not to be crossed by another 
foliation), must not be considered as such. It is as if, due to the minimum length condition 
of 2n on the string diagram, propagation by a distance smaller than 2ir does not qualify as 
free propagation. The closed geodesies correspond to the closed strings, and the fact that the 
bands of foliations cross, for genus one and above, may be interpreted as saying that it is not 
clear where the string is. This crossing is necessary for modular invariance, and only happens 
within the elementary vertices. The difficulty with modular invariance in closed string theory 
was due to our inability to tell in which direction the strings propagate. This ambiguity does 
not exist for the minimal area string diagrams; propagators are unambiguously determined. 

The uses of Stubs and the BV Equation. The role of the stubs is to prevent the appearance 
of short curves upon sewing. Since we leave a stub of length n on every boundary, upon 
gluing two boundaries and creating new closed curves, these will be longer than or equal to 
2tt. The stubs allowed us to characterize the elementary interactions of the complete quantum 
theory of closed strings as the surfaces with no finite height foliation of length greater than 
2n. The stubs may not be essential for the classical theory since sewing in tree configurations 
does not introduce short curves. That is why, at the classical level only, we can specify the 
elementary interactions as the surfaces with no finite height foliations; these are the restricted 
polyhedra of [1,2]. Such interactions, which are contact-type overlaps, would be expected to 
be background independent [30] in the sense discussed recently in [31]. Then, as in open string 
field theory, the only background dependent ingredient of the classical theory would be the 
BRST operator. On the other hand stubs may be relevant in the classical theory, for using 
stubs string products are well defined for a set of string fields larger than that for which overlap- 
type string products exist. Furthermore, stubs are helpful in closed superstring field theory 
to prevent the collission of picture changing operators [32]. At the quantum level the stubs 
are essential and have the great virtue of making the full quantum BV equation true without 
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need of regularization (in usual formulations of particle field theory, or in string theory with 
contact interactions, the 'delta' term in the BV equation needs regularization.) The closed 
string field theory master action amounts to a perturbative solution of the BV equation. It is 
of great interest to understand if this series solution has a finite radius of convergence or it is 
an asymptotic expansion. The case for the latter possibility has been emphasized by Shenker, 
who also indicated the possible relation with nonperturbative effects in string theory [33]. 

On Vacuum graphs. The BV master equation does not give us any constraint on the vacuum 
graphs of the string field theory. This is so because in the BV equation the master action 
always appears differentiated with respect to fields (or antifields). The master equation only 
guarantees the gauge independence of the S-matrix, and therefore it does not ensure that the 
string field theory will give the values of vacuum graphs that one would expect. Our geometrical 
recursion relations (§5 ) determine the 'vacuum vertices' of the string field theory for genus 
greater or equal to two. In this paper we will include in the master action the h dependent 
constants that arise from the vacuum vertices. This is done, even though the constants drop 
out of the master equation, because it seems likely that such constants would actually arise 
from a fundamental underlying action (once we find it!) upon expansion around a classical 
solution. The case of genus one is quite puzzling. The geometrical recursion relations do 
not determine this vacuum vertex. If we would compute this vacuum graph using just the 
propagator, we would get an infinite cover of the moduli space. If we insist on getting the 
genus one vacuum graph to work we must use a cutoff propagator instead of stubs on the 
vertices. The cutoff-propagator would include tubes with length in the interval [2tt, oo] rather 
than in the interval [0, oo]. If we do this there is no need for stubs; the price we pay is a 
somewhat less natural kinetic term, which would contain, in addition to the BRST operator, 
an insertion of exp(27rL ( j"). It seems clear that we need further understanding of background 
independence in order to clarify the issues above. 



Let us now indicate briefly the contents of this work. Sections §2, §3 and §4 are essentially 
algebraic. In §2 we discuss all the conventions that we will use and derive basic relations 
necessary for the later sections. We give a detailed discussion of Hermitian conjugation, BPZ 
conjugation [34], and inner products. We discuss sewing kets and bras (the so-called reflector 
states), their BRST properties and their exchange symmetry properties. We elaborate on the 
properties of basis states and their conjugate states. In §3 we study the string field and the 
kinetic term. We explain in detail the subsidiary conditions on the string field, the ghosts 
number conditions, and Grassmanality. We discuss target space ghost number. The kinetic 
term is given and its basic properties are established. We also specify bases for fields and 
antifields, give the conventions for the BV formalism and verify that the kinetic term satisfies 
the master equation. In §4 the subject is the algebraic structure of the string field theory. We 
state the properties of the string products and give the main identity satisfied by the products, 
along with examples. We also introduce the multilinear functions and give their properties. 
We then give the classical action, the field equation, prove gauge invariance, and compute the 



commutator of two gauge transformations. Finally we give the quantum master action, show 
it satisfies the quantum master equation, derive the master transformations and the BRST 
transformations. This section concludes with a mathematical definition for the L^ algebra 
and an analysis of the algebraic structure that would arise if closed string field theory were 
constructed around a non-conformal background. 

Sections §5 and §6 deal with the geometrical issues that underlie the formulation of the 
string field theory. In §5 we define precisely the notion of string vertices V g , n (which are sets 
of Riemann surfaces), and state the basic conditions they must satisfy. We then discuss and 
elaborate on the fundamental geometrical relation [7], satisfied if the string vertices, via the 
Feynman rules, generate a decomposition of the relevant moduli spaces. In §6 we show how 
the minimal area problem determines the subsets V 5>n . Our discussion is based fully on the 
properties of the geodesies in minimal area metrics. We state and prove a cutting theorem, 
which together with the results of [16] completes the study of the sewing properties of minimal 
area metrics. We also state what remains to be proven in order to have complete mathematical 
treatment of minimal area metrics. 

Section §7 combines the geometrical and the algebraic structures in order to construct 
the string products and multilinear functions and prove their basic properties. This requires 
a detailed analysis of Schiffer variations (deformations of punctured Riemann surfaces with 
local coordinates) and the construction of a set of differential forms on the space V g , n (the 
space of surfaces of genus g and n punctures, with local coordinates at the punctures specified 
up to phases). Using heavily results of the operator formalism of Alvarez- Gaume, et.al. [36], 
further developed and clarified by Nelson and others [37], we show that the differential forms 
are well defined if the off-shell states that label the forms satisfy the subsidiary conditions 
b~Q = Lq = 0. The BRST operator is shown to act as a total derivative on the forms defined 
in Vg jn . We define the string products and the string multilinear functions and establish some 
of their simple properties. Finally we prove the hermiticity of the string field vertices. 

In section §8 we establish the main identity satisfied by the string field products, this 
involves a detailed discussion of sewing of string field vertices. Section §9 is the final section. 
It shows how to obtain the algebraic structures on physical states from the algebraic structures 
on the whole state space. 

The present paper is long because of the large amount of material covered and because I 
wished to present a complete and useful set of conventions for closed string field theory along 
with detailed proofs of the most important properties. The material presented here is about 
40% completely new; about 40% is proofs of results only sketched or announced before, and 
20% is background material included for completeness. 
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2. Conformal Field Theory, Conjugation and Inner Products 

In this section we will give the conventions with which we will formulate the string field 
theory and some of the basic ingredients of the formalism. We begin with a description of 
the relevant ideas of conformal field theory, and a study of the ghost sector and its vacuum 
structure. Then we turn to defining hermitian conjugation and the associated antilinear inner 
product. Next we consider BPZ conjugation and introduce the associated linear inner product. 
These are essential to be able to write actions. We discuss bases of states for conformal field 
theory and derive a series of basic properties that will be essential to discuss the string field 
theory. The first work emphasizing the use of conformal field theory to define string field 
theory is that of LeClair, Peskin and Preitschopf [38] . 

2.1. Conformal Field Theory 

Bosonic string field theory is formulated using a conformal field theory. This conformal 
field theory has a matter sector, which is some conformal field theory of total central charge 
equal to (+26) and a ghost sector, which is the conformal field theory of the reparametrization 
ghosts and has central charge equal to (—26). The total conformal field theory has therefore 
total central charge equal to zero. 

Consider the conformal field theory formulated in the z-plane with z = exp(r + i<r). While 
the whole construction of the string field theory can be carried out abstractly, we can describe 
very concretely the ghost sector of the conformal field theory. Consider the case when the 
conformal field theory has holomorphic and antiholomorphic fields (f)(z), (f)(z) and stress energy 
tensors T(z),T(z). The field <fi(z) is said to be a primary field of conformal dimension d if 

T{z)(t>{w) ~ -20M + -^—d w (t>{w) + ■■■, (2.1) 

(z — w) z z — w 

corresponding to the transformation law 

<t>'{z'){dz') d = <t>{z){dz) d . (2.2) 

The field is expanded in a basis of operators (oscillators) in the form 

«*) = Y.£» *■=/£***-'*<*>■ (2 ' 3) 

n 

The operator <p n is of dimension (— n) (recall z counts as dimension minus one). The total 
stress tensor, has central charge zero and is a dimension two field (it transforms as a quadratic 
differential on a surface). Its oscillator expansion is given by 

n n 

The SL(2,C) vacuum, denoted by |1), is the vacuum in the asymptotic past and it is 
associated with z = 0, with no operator inserted there. It follows from (2.3) and regularity 



that 

<f> n \l) = for n>-d + l. (2.5) 

One introduces a state in the dual space, the SL(2,C) vacuum in the asymptotic future z = oo, 
denoted by (1|. It also follows from (2.3) (and (2.2) for z' = 1/z) that 

(l|0 n = O for n<d-l. (2.6) 

The canonical example of matter field theory is the theory of 26 free bosons idX IJ, (z), 
idX (z), of dimensions (1,0) and (0,1) respectively (the first entry in (•, •) refers to the di- 
mension with respect to the holomorphic part of the stress tensor, and the second gives the 
dimension with respect to the antiholomorphic part of the stress tensor). The mode expansions 
are: 

n n 

Here the oscillators satisfy the algebra 

K, <] = [a£X] = ng^5 n+mfi , (2.8) 

where g^ v is the Minkowskian metric (— , + •••+) (the case of compactified coordinates involves 
a few more subtleties, see for example the recent treatment in [31]). Moreover a^ = q.q = p^. 
We then have 

a n \l) = a n \l) = for n > 0, and (l\a n = (l\a n = for n < 0. (2.9) 

One actually defines a family of vacua |l,p), and dual vacua (l,p\ labelled by the eigenvalue 
of the momentum operator p via 

p\l,p) — p\l,p), and (l,p\p — (l,p\p. (2-10) 

For these vacua the oscillators that annihilate it are given by 

a n \l,p) — a n \l,p) — for n > 0, and (l,p\a n = (l,p\a n = for n < 0, (2.11) 

as follows from the two previous equations. 

Let us now consider the ghost conformal field theory. We have ghost fields c(z) and c(z) 
of dimensions (— 1, 0) and (0, —1) respectively, and antighost fields b(z) and b(z) of dimensions 



(2,0) 


and 


(0, 


2) respectively. 


We therefore have 
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~ 2-^i z n-l ' 
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b(z)~- 


\~^ bn 

~ 2-^ z n+2 ' 


b(z)~- 


-Y. 


b n 

■?n+2 ' 



f2.12) 



(2.13) 

— /i" ■ - 

n 

The modes satisfy the anticommutation relations 

{b n , C m } = {b n , Cm} = <Wn,0, ( 2 -14) 

with all other anticommutators equal to zero. It is convenient to define new zero modes by 
linear combinations of the old ones 

c± = i(co±c ), b± = b ±b . (2.15) 

It follows from equations (2.5) and (2.6) that 

b n \l,p) = b n \l,p) = for n > -1 

c n |l,p) = c n |l,p) = 0, for n > 2, 

and 

(l,p\b n = (l,p\b n = for n < 1, 
(l,p|cn = (l,p|c n = 0, for n < -2. 

We define the first quantized ghost number operator G by 



(2.16) 



(2.17) 



G 



(2.18) 



-(c &o - froco) + y^(c- n &n ~ b- n c n ) + a.h. 
^ n=\ 

where a.h. denotes an identical contribution from the antiholomorphic sector. We included the 
constant shift of (+3) in order to have G\l,p) = 0, that is, the ghost number of the SL(2,C) 
vacuum is zero. 

Due to the presence of two zero modes the state space space breaks into four sectors built 
on top of four different vacua forming a representation of the algebra of zero modes. These 
are defined as follows: 

\ii,p) =cici\l,p), 

\n,p) = c^\a,p), 
lihp) = c \a,p), 

in,p) = c+c^m,p>. 

The state |||,p) is a state of ghost number (+2) and it is annihilated by b . This state is 
annihilated by all b n and c n with n > 1 (similarly for the antiholomorphic oscillators). From 
left to right, the first entry in the kets refers to the (+) zero modes and the second entry refers 
to the (— ) zero modes. 

10 



The conformal field theory stress tensor is the sum of the matter stress tensor (T m (z),T m (z)), 
and the ghost stress tensor (T g (z),T g (z)). The latter is given by 

T g {z) = -2b(z) ■ dc(z) - db(z) ■ c(z), (2.20) 

and the basic operator product expansion is 

b(z)dw) — . (2.21) 

z — w 

The BRST operator of the theory is given by 

Q = J ^~& ){ ? m{z) + \ T ^ + / ^fWFrni*) + faz)), (2.22) 

where the operators in the integrand are normal ordered. Using the above three equations, 
one can verify that 

{Q, b(z)} = T m (z) + T g (z) = T(z), {Q,b(z)} = T m (z) + T g (z) = T(z). (2.23) 

This equation implies that Q is of the form 

Q = c L + c Io + • • • , (2.24) 

where the dots indicate terms that do not involve the zero modes of the ghost fields. If we 
define 

L± = L ±Io, (2.25) 

this together with (2.15) imply that (2.24) can be written as 

Q = c+L+ + c L +■■■. (2.26) 

The contribution of the ghosts to Lq is given by 

00 

L o(g) = _1 + y^ n(b- n cn + c- n b n ), (2.27) 

n=\ 

with a similar expression for the antiholomorphic part. We then have that -^o(o) an d -^o(o) 
annihilate the vacua 

L oig) \l,p) = L 0{g) \l,p) = 0. (2.28) 

The |||,p) vacua are tachyonic as far as the ghost energy momentum is concerned, one has 

L 0{g) \U,p) = L 0(g) \U,p) = -1 ■ \U,p). (2.29) 

Since, for the usual bosonic string theory Lo(m) + -^o(m) = P 2 H — •> where the dots correspond 
to terms that annihilate the |||,p) vacua, one has that the total Lq operator on these vacua 
gives 

L+\ii,p} = (p 2 -2)\ii,p). (2.30) 



11 



2.2. Hermitian Conjugation, BPZ conjugation and Inner Products 

Given a conformal field theory we can define an antilinear inner product, arising from 
Hermitian conjugation and a bilinear inner product, arising from BPZ conjugation. Both 
types of conjugations relate states built on the in- vacuum to states built on the out- vacuum. 
In order to be able to define these products we need to define a basic overlap. For the conformal 
field theory giving rise to bosonic string theory, we take 

(l,p|c_ic_ic+c^cici|l,p') = (2n) d - 5 d (p-p'), (2.31) 

where 5 is the ci-dimensional delta function. The absence of an i in the right hand side, while 
very convenient to avoid unnecessary factors of i, will result in a slightly unusual formula for 
hermitian conjugation. For other conformal field theories one may take different definitions 
for the basic overlap. 

Hermitian conjugation and (•,•)• Hermitian conjugation will be relevant to us since there is a 
need to impose a reality condition on the string field, as we will see in §3.1. Let us consider 
for concreteness the bosonic string. The zero mode operators for the matter, namely the x's 
and f?s, are both hermitian operators: x'=x and p* = p. One also has 

|l,p) = e^|l>, and (l,p| = (|l,p»t = <l|«r«« (2.32) 

which, in agreement with our earlier definition, implies (l,p\p= (l,p\p. One defines for all 
the oscillators (all n) 

a\ = a- n , c4 = c- n , b{ = b- n , (2.33) 

and similarly for the antiholomorphic oscillators. Finally the hermitian conjugate of a general 
state is defined via 

(A 1 ---A n \l,p)c^j =c(l,p\Ai---A\, (2.34) 

where the A's represent oscillators, c is a number, and the bar denotes complex conjugation. 
We will denote the hermitian conjugate state corresponding to \A) as {Ai lc \. The antilinear 
inner product is defined as follows: given two ket states \A) and \B) one defines 

(A, B) = (A hc \B). Antilinear Inner Product (2.35) 

The label l hd is supressed for momentum eigenstrates; (p\ will always denote the hermitian 
conjugate of \p). As desired, the inner product is antilinear in the first argument and linear in 
the second 

(Aa + AW, B) = a*(A, B) + a'*(A', B), 

(A,BP + B'(3') = {A,B)(3+(A,B')(3'. 

It follows from the definition of the basic overlap in (2.31) that 

(A,B)^ = -(B,A), (2.37) 

or in other words ((Ah c \B))< = —(B^A). The unusual minus sign arises due to the absence 
of an % factor in the right hand side of (2.31), and because the hermitian conjugate of the 
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(c-iC-iCqCqCici) is minus itself. We have used the dagger in the left hand side of (2.37) 
instead of complex conjugation in order to take into account the fact that the c- numbers that 
multiply the states may have nontrivial statistics. 

Hermitian conjugation of an operator is defined in analogy to (2.34) and clearly gives a 
normal ordered operator if we start with one. We then have, by construction, that 

(OA,B) = (A,O^B). (2.38) 

The BRST operator can be shown to be hermitian, and we therefore have 

(QA,B) = (A,QB), (2.39) 

for any two states A, B (of whatever statistics). 

Note finally that we can use the inner product to define a norm in the usual way. Equation 
(2.31) implies that only states of ghost number three have nonvanishing norm. The inner 
product we have defined pairs states of ghost numbers that add up to six. In terms of the first 
quantized ghost number operator G introduced earlier, the ghost number of (1| is six, any 
ghost oscillator acting on it subtracts one unit of ghost number and any antighost oscillator 
adds one unit. It is actually more convenient to think of the ghost number of (1| as zero, then 
any ghost (antighost) oscillator adds (subtracts) one unit of ghost number, just as for states. 
In this convention, that we will follow throughout, the ghost number of a state does not change 
under hermitian conjugation. 

BPZ conjugation and (•, •). There is another type of conjugation which will be most useful in 
our writing of actions. It is BPZ conjugation [34], and relates in-states to out-states. Given 
a state \A) = A(0)\1), with A a normal ordered operator, one defines the associated BPZ 
conjugate state 

(A\ = (l\IoA(0), (2.40) 

where I denotes the conformal mapping I(z) = l/z . The conformal mapping acting on the 
operator is defined as / o A(z,z) = A'(z'(z),z'(z)) where z' = I(z),z' = I(z) and A'(z',z') is 
related to A(z,~z) via the conformal transformation properties of the operator. 

For the mode expansion (2.3) one takes 



« = '<>*.= / s^"VM = /^(^Wp)=(-i)^ (2.4i) 



where we have used the superscript (T) to denote this type of conjugation. The above formula 
enables us to calculate the BPZ conjugate of a string of oscillators: 

(c • a n b m c p ■ ■ ■ |1» T = (1| c ■ {a n ) T {b m ) T {c p ) T ■ ■ ■ (2.42) 

Note that the order of the operators does not change and that the c-number is not complex 
conjugated. The ghost number of the BPZ conjugate state is the same as that of the original 



* Note that G is of the form G = 3 + Q, where Q is an antihermitian operator. 

f The choice of l/z instead of the standard one of — l/z in BPZ is more convenient for closed strings. 
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state. It follows from (2.41) that p T = —p, and therefore we must take (\l,p)) T = (1, —p\ The 
reader can check that the BPZ conjugates of the various ghost vacua ((2.19)) are given by 



(II, p\ = (1, -p|c_ic_i, 

(2.43) 



(U,p\ = -(1, -p|cq"c_ic_i, 



(IT,p| = -(l,-p|c c-ic_i, 

(TT,P| = (1, ~P\CqCq C-lC-l. 

Using BPZ conjugation one defines an inner product which is linear on both arguments 

(A, B) = (A\c \B), Linear Inner Product. (2.44) 

The utility of including the factor of Cq in the inner product arises because our string fields will 
be defined to be annihilated by 6g , and the naive inner product of such states would vanish. 
In order to elucidate the properties of this inner product let us discuss the so-called conjugate 
states. 

Given a complete basis of states in a conformal field theory {|$ r )}, where r is a label, which 
may include indices and/or continuous parameters, one defines the conjugate states {(^l) (not 
hermitian conjugates nor BPZ conjugates) via the condition 

(<^|$ S ) = (W (2.45) 

The conjugate states form a basis for all the states built on the out- vacuum (bra-states). Let 
us understand more explicitly this conjugation. We can construct a basis by using states built 
with oscillators. For example, the state conjugate to the vacuum is 

(l c | = (27r)- rf (l| c_ic_ic+Co cici, (2.46) 

It then follows by BPZ conjugation that |l c ) = (27r)~ d c_ic_iC(j~c^ciCi|l) and that (l|l c ) = 1. 
Doing the same operations with an arbitrary state, we have 

I $ s ) = (c_ ni • ■■c- ni )(b- mi ■ ■ ■ b- mj )(a- Pl ■ ■ -a_ p J|l), 
(® C s\ = {1 c \(a Pk ---a Pl )(c mj ---c mi ){b ni ---b ni ), 



i • 



\i+k 



Pkli 



($ s | = (-y + *(l\(c ni ---c ni )(b mi ---b mj )(a Pl ---a 

m = i-) k+J (*- Pk ■ ■■a- Pl )(c- mj ■ ■ ■ c- mi )(b. ni ■ • • 6- m )|l c ). 



(2.47) 



It follows from the above that ($ s |<I>g) = (— 1)^ +J -*, but (i + j) simply denotes the statistics of 
the state |$ s )- We therefore infer that corresponding to (2.45) we have 



\*r 



Sr|*S> = (-r$rs- (2.48) 



| Whenever a field appears in the exponent of a sign factor, as in (— )*, it denotes what is usually called 
the Grassmanality e($) of the field <&. This Grassmanality e($) is an even integer, if $ is Grassmann 
even, or an odd integer, if $ is Grassmann odd. 
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Completeness of the states implies that the identity operator can be written as 

l = X)l*r><^|=El*r><*r|(-)* P , (2-49) 

r r 

as can be checked by multiplying arbitrary states from the left and from the right, and making 
use of (2.45) and (2.48). We claim now that for arbitrary states \A) and \B) of definite statistics 
one has 

(A\B) = {B\A}(-1) AB . (2.50) 

This is established by writing (A\ = X/ a «(^al anc ^ 1-^) = Ss |^s)&sj where a s and b s are 
c-numbers, possibly anticommuting. It then follows that (A\B) = ^a s 6 s , and a short com- 
putation shows that (B\A) = ^2a s b s (—p a " + "'(° + °' where the sign factor is simply (— ) , 
since the states were assumed to be of definite statistics. 

The Reflector States . We can use the conjugate states to give a simple expression for a state 
that implements BPZ conjugation. One defines 

<i2l2|=5><*r|l<^|, (2.51) 

r 

where following our notation (<& r | denotes the BPZ conjugate of \<& r ), an d the subscripts on 
the bras are the labels for the Hilbert spaces. The bra (R\ may be thought as an object in the 
tensor product of two Hilbert spaces (it defines a multilinear function on a pair of states by 
the operation of contraction). It was constructed so that 

< J Ri 2 |A>i = 2 <A|, and (R U \A) 2 = i(A\, (2.52) 

the first of which follows directly from expanding the state A along the basis |$ s ) and using 
(2.45), and the second by expanding A along the basis \&f) and using (2.48). This suggests 
that (-R12I is actually symmetric in the labels 1 and 2: 

(Rn\ = (R21I (2.53) 

Rather than prove this, it is useful to derive slightly more general rearrangement properties: 

E l*.hl*$>2= E I**>2|®5>1> 

E 1<**|2<*SI= E 2<*.|l<*$l- 

G($ 3 )=G G($ s )=6-C7 



To establish the first relation we begin with the left hand side and introduce two complete 
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sums over states 

G($ S )=G P,« 

= E E (-)* p (-)* p *'i^>2i*?>i<*pi*-x*;i*s>, (2 ' 55) 

G(<f>s)=G G(* p )=6-G 
G($ 9 )=6-G 

where we used the fact that the overlap only couples states whose ghost numbers add up to 
six to restrict the sums to a space of fixed ghost number, and we moved the state |$ g ) all 
the way to the left. Note that since ($p|$ s ) is an ordinary number, the statistics of $ p is the 
same as that of $ s for all nonvanishing terms in the above sum. We can therefore replace 
(-)***« ($£|$=) by (-)*•*« ($£|$S) which e( l uals ( $ sl $ g)> to find 

E D-)* p I*«>2|*S>i<*pI*-X*5I*S>. (2-56) 

G(* p )=6-G s 
G(*,)=6-G 

where we can now freely sum over all possible $ s since in any case the ones with ghost number 
different from G would vanish by ghost number conservation. Since the sum over $ s is simply 
the identity operator we find that the above reduces to 

E £I*«M-)* p I*pM*pI*S>= E l*«>2l*S>i> ( 2 - 57 ) 

G($ q )=6-G V G($ 9 )=6-G 

where again we made the sum over states $p unconstrained, since terms with other ghost 
numbers vanish, and then recognized the identity operator to obtain the result we were after. 
The second identity in (2.54) is established in an exactly analogous way. The symmetry 
(-R12I = (i?2i| of the reflector is an immediate consequence of this second identity. 

We also have the useful relations 

( J Rl2|(ct 1) +C (2 l)=0, 

(i2i2|(6? ) -6L 2 i)=0, (2-58) 

<fli2|(Qi + Q 2 ) = o. 

The first two identities, which hold for all n, can be obtained as special cases of (2.52). The last 
equation can be checked directly in particular cases, but follows from basic operator formalism 
ideas [36]; the reflector simply represents a two punctured sphere and contour deformation 
implies that the two BRST operators cancel each other. We can use the reflector to write the 
basic overlap as 

(A\B) = (i?i 2 |^)i|S) 2 , (2.59) 

and the inner product we defined before as 

(A,B) = (R 12 \A) lCo {2) \B) 2 . (2.60) 

Note that the overlap is nondegenerate, that is (B\A) =0 for all B implies \A) = 0. Further- 
more, the inner product is nondegenerate too. First note that in (A, B) the terms in A and B 
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proportional to c drop out, and therefore A and B can be assumed to be annihilated by b Q . 
The statement of nondegeneracy is therefore 



If (B,A) = 0, V5, and&^A) = 0, then |A) = 0, (2.61) 

since the nondegeneracy of the overlap (B,A) = (B\cq\A) = for all B implies Cq \A) = 0, 
but then multiplying by b^ and using b^A) = one readily sees that \A) = 0. The inner 
product satisfies the two following properties 

(A, B) = (_)(^+i)(*+i) (B, A), (2.62) 

and, for A and B annihilated by b^ and Lq , we have 



(QA,B) = (-) A (A,QB). (2.63) 

Equation (2.62) follows directly from (2.60), the symmetry of R\2 and the first relation in 
(2.58) (used for Cq ). Equation (2.63) is less straightforward. First note that the left hand side 
can be written as 

(-)^ 1 (i? 12 |A) 1 Q( 2 ) C - (2) |5) 2 , (2.64) 

— (2) —(2) 

using (2.58). We now introduce the factor 1 = {b , c } into the above to find 

H^fld/iMCV^WV 2 '^ 21 ^!^- (2-65) 

— (2) 

The first term in the parenthesis vanishes because b can be pushed all the way to the left 
until it hits the reflector, becomes 6 and kills \A)\. The second term gives 

^(R 12 \Ah (c {2 \b^\Q^}c ^-c ^Q^hbo i2 \c ^})\B) 2 , (2.66) 



where we used b Q \B) = 0. The first anticommutator gives L Q , which commutes with c and 
annihilates \B), therefore the only remaining term is 

(-)^ 4 ( J R 12 |A) 1 c - (2) g( 2 )| J B) 2 = (-) A (A,QB), (2.67) 

as we wanted to show. 
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Related to the reflector (R\, we introduce a ket reflector \R) defined by 

|i2i2> = £ |*,>i|*S>2 = E l**M*S>i. (2-68) 

s s 

where the equality, implying I-R12) = I-R21), is an immediate consequence of the first equation 
in (2.54). It follows that 

(Rij\R jk ) = £i<*rli<<&SI*.>il<&$>* = Y,i(*»\ ■ \^)k = £(-)*'TO* ' i@'\> ( 2 - 69 ) 

r,s s s 

where the last expression to the right is simply the identity operator (see Eqn. (2.49)) except 
for the fact that the labels of the Hilbert spaces do not coincide. This operator simply relabels 
states (or equivalently, it maps Hi to 7i k ) 

(Rij\R jk )\A)i=\A) k . (2.70) 

In analogy with the properties of the reflector, this conjugate reflector satisfies 

(ct 1) +cS)| J Ri 2 ) = 0, 

(&i 1) -^)|i?i 2 ) = 0, (2.71) 

(Qi + Q 2 )|i2i 2 ) = o. 

It is useful for our future applications to introduce some further notation. We define the 
'tilde' states which are simply related to the conjugate states by multiplication by the antighost 
zero mode b^ 

|$ s )=6 -|^). (2.72) 

We also introduce the tilde reflector 

\R 12 ) = b (1) \R 12 ) = b {2) \R 12 ), (2.73) 

where the equality follows from (2.71). This reflector can therefore be written as 

fe) = E 6 o" (2) l^>il^>2 = EH*Wi|5 s >2. (2.74) 

s s 

It should be noted that this reflector does not satisfy a simple BRST property; we have 
(Qi + Q2) I-R12) 7^ 0. It is useful to introduce the 'primed' reflectors, \R'i 2 ) and |-R' 12 ) which 
are simply the reflectors but with the sum over states restricted to states annihilated by Lq 

\R'n) = ViV 2 \Ri2), \R' 12 ) = ViV 2 \Ri 2 ), (2.75) 

where Vi, given by 

Vi = / — e t9{L ° ~ L ° \ (2.76) 

J 27T 

is the projector, in the i-th Hilbert space, to states annihilated by (Lq — Lq). It satisfies 
VLq = LqV = 0. Since the BRST operator satisfies {Q,b^} = Lq, and commutes with V, 
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we have that {Q, b Q V} = 0. As a consequence the primed reflectors satisfy simple BRST 
properties 

(Qi + Q2)\R'u) = 0, (Qi + Q2)\R'n) = 0- (2.77) 

We can write the primed reflectors as 

\R'n) = Y! I*.)iI*S>2, I#i2> = E'(-)**l*.>il*.>2, (2-78) 

s s 

where the primed sums remind us that we are only summing over states annihilated by Lq. 
Note that since the conjugate of a state annihilated by Lq is also annihilated by Lq , it is 
actually enough to have one projector rather than two in each of the expressions in (2.75). 
Thus we write 

|i?'i2> = Vi\Rn), \R' 12 ) = bo {1) Vi\Ru). (2.79) 

We give, for illustration, the oscillator form of the reflector state for the bosonic string: 

(Rn\ = J j^y d i(U,p| 2 (U, ~P\ exp(£ 12 )(c+« + cf (2) )(co (1) + c {2) ), (2.80) 



where 



En = £ ~ (^ ■ «2° + c { M ] - 6? >c<?>) + a.h., (2.81) 

n>l H ^ ' 

with a.h. denoting the antiholomorphic part. This state corresponds to a two punctured sphere 
with local coordinates z\{z) = z around z — 0, and zi (z) = 1/z around z = oo. 

A Rearrangement Property. We conclude this section by establishing a result that will be 
needed in the following sections. We first show that 

|$ s ) = a Co -\<S> a >), with &;r|$ a ,) = 0, implies \$$) = (a)"^-)*-'!^). (2.82) 

This is proven by first realizing that under the assumptions |<&£) must be of the form |$^) = 
&olx)- Then one requires that ($g|$ r ) = 5 rs to find that \x) = ( a ) _1 ( — ) $s ' l^s')- The 
rearrangement property that we wish to establish reads 

£/(G)|* a )i0|*,) 2 = - £ /(G)l*->iO|$,>2. (2.83) 

C7($ S )=G G($ s )=5-G 

Here (9 stands for some arbitrary operator, and f{G) is some arbitrary function of the ghost 
number. By construction, the sum of states on the left hand side runs over all states $ s of the 
specified ghost number, and annihilated by b^ (since otherwise they would be annihilated). 
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The equation also holds if the sum is restricted to states annihilated by L Q . The left hand 
side of this equation can be written as 

= E/( G )(-) (0+1)<&s ^ (2) i^)ii^) 2 = E /(G)(-) (0+1) *-^ (2) i^>2i$s>i, 

G($s)=G G($ s )=6-G 

(2.84) 

— (2) 

where use was made of (2.54). Notice now that |3> s /2 must be of the form c |$ s ')2 an d 
therefore we can use (2.82) to replace 

^ (2) |* a >2|*S>i = b o (2)c o (2) I^'>2(-)*«'|^>1 = \$s>h\$s')l(-f»', (2-85) 

and therefore back in (2.84) we have 

= E /(G)(-) (0+1)( ^' +1) 0|^) 2 |^)i(-)^', (2.86) 

G($ s ,)=6-G-1 

where we shifted the ghost number and wrote the sign factors in terms of the new set of states 
we are summing over. Since a state and its tilde conjugate commute we write 

= - E f(G)(-)°^'0\^)i\^)2 = - E /(G9|^)iO|^>2, (2.87) 

G($ s ,)=5-G G($ s ,)=5-G 

which is the result we wanted to establish. 

3. The String Field and Its Kinetic Term 

In this section we begin our discussion of string field theory by describing the string field, 
and discussing in detail the subsidiary conditions it must satisfy, its reality condition, statistics, 
and ghost number. It is useful to distinguish between first quantized ghost number and target 
space ghost number. We show that the ghost number anomalies of the first quantized path 
integrals precisely imply that a suitably defined target space ghost number is conserved. We are 
then able to write the kinetic term for the closed string field theory and to show its hermiticity 
and its gauge invariance. The semirelative cohomology is seen to be the type of cohomology 
that describes the physical spectrum. Finally, we review the basics of the Batalin-Vilkovisky 
formalism, give the master equation, specify a basis for fields and antifields in closed string 
field theory and prove that the kinetic term satisfies the master equation. 
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3.1. The Dynamical String Field 

An arbitrary string field is a vector in the Hilbert space of the conformal field theory. Given 
a basis of states {|$ s )}, an arbitrary string field is simply an arbitrary linear superposition of 
the basis states: 



l*> = £ l*->ik, (3.1; 



Here each target space field ip s is the component of the vector |\P) along the basis vector |$ s ). 
The target space fields are in general complex numbers, and may be Grassmann even or odd. 
The dynamical string field is the dynamical variable of the string field theory, that is, the string 
field that enters into the action. This string field is not totally arbitrary. There are conditions 
limiting the possibilities in the general expansion above. These conditions are the subject of 
the present subsection. 



o 



Subsidiary Conditions. We will demand that the closed string field be annihilated both by b t 
and Lq , namely 

(b -b )\V) = (L -L )\V) = 0. (3.2) 

The necessity of such conditions is well understood by now; if we do not impose them we do 
not know how to write a kinetic term for the closed string field (see §3.2) nor how to write 
interactions (see §7.3). The same conditions apply for the string field |A) which corresponds 
to the gauge parameter. Given the b^ condition, the closed string field can be expanded as 

|^) = |0 S ,I1)^ + |0 S ,TI)^, (3.3) 

where \<j) s , {{) denotes the subset of the basis states |$ s ) which are built on the vacuum \[[) 
(and similarly for the second term). 

Ghost Number G . The ghost number of a component of a string field is conventionally defined 
to be given by the ghost number of the (first quantized) state. Thus if we have G\$ s ) = G s |$ s ) 
we define 

G(|$ s )^ s ) = (G\$ 8 ))i/> 8 = G 8 (\<i> 8 )iJ> 8 ). (3.4) 

For the classical theory the dynamical closed string field |\l/) entering in the string action is 
taken to be of ghost number G = +2. For the general master action the string field |\&) 
contains fields of all integer ghost numbers. 

Target Space Ghost Number g f . It is possible to assign to the target space fields a conserved 
ghost number g t . For a target space field ip s entering the string field as |<J> 5 )^> 5 , we simply 



• Technically speaking, the state space of the matter plus ghosts conformal field theory form an indefinite 
metric Hilbert space, or simply an inner-product space. 
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define 

g t (^ s )=2-G s . (3.5) 

Thus in the classical action all spacetime fields have ghost number g = 0, and in the master 
action we have target space fields of all ghost numbers. As a consequence of ghost number 
selection rules in the first quantized formalism, the interactions of target space fields will 
conserve target space ghost number. We can explain this now. When one defines the interaction 
of n string fields via Riemann surfaces of genus g one does it by use of a correlator on those 
surfaces. One must do an integral over a subset of the corresponding moduli space Ai g ,n, 
whose dimensionality is 6g — 6 + In. Such dimensionality requires precisely the same number 
of antighost insertions in the correlator. Moreover, in order to have a nonvanishing answer, 
the total ghost number inside the correlator must be 6 — 6g (= — dim.M ff ). Thus we need that 
the sum of ghost numbers G{ of the n string fields to be inserted be equal to 2n, namely, 
Y^i=\(*i = 2n. This implies that ^gj = XX^ — Gi) = 2n — J^Gj = 0, which shows that 
the ghost numbers of the target space fields add up to zero for every interaction in the master 
action. 

Grassmanality. The string field |\1/) is declared to be grassman even. This will be true both 
for the classical action and for the master action. We also declare the vacua \l,p) to be even 
(and similarly for the dual vacua). The grassmanality of the state |$ s ) is defined to be the 
grassmanality of the conformal field theory operator $ s that creates the state by acting on 
the vacuum. This defines the grassmanality of the target space field ip a as that which together 
with the grassmanality of |$ s ) makes up an even object. It is important to note that statistics 
and ghost number are correlated. If the ghost number G s of a ket |$ s ) is even, the ket must 
be Grassmann even, and then the corresponding target space field has even target space ghost 
number and is Grassman even. Similarly if the ghost number G s of a field |$ s ) is odd, the ket 
must be odd, and then the corresponding target space field has odd target space ghost number 
and is Grassmann odd. This implies that the interactions for target space fields in the master 
action have overall even statistics. In other words, the master action is a boson. 

Reality Condition on the String Field. A priori our definition of the dynamical string field 
allows for a complex spacetime field associated to every state of the conformal field theory. 
This is clearly twice as much as we have in string theory, for example, the closed string tachyon 
is a real scalar field. It is convenient to impose the following reality condition, we demand that 
hermitian conjugation and BPZ conjugation give the same state up to a sign: 

(\*)? = (*hc\ = -(*\- (3-6) 

In formulating closed string field theory there is no necessity to investigate the implications 
of the reality conditions on the expansion of the string field in terms of component fields. In 



f This counting applies to all interactions (n > 1). There is no interaction for a one punctured sphere. 
For the two puncture sphere, which corresponds to the kinetic term, the above requires (—2) antighost 
insertions. As we will see, one inserts the operator CqQ of ghost number two. 
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order to fix the normalization of the action in section §3.2, we will demand that the tachyon 
field that appears conventionally in the string field as: 



dp 

(2vO c 



\T)= I 77^r d <P(p)cici\l,p), (3.7) 



appear in the closed string field theory action with standard normalization. The hermitian 
and BPZ conjugates of the tachyon are given by 

< T hc\= / 7^Td<!>*(p)(l,p\C-lC-l, 

f dp (3 ' 8) 

and Eqn.(3.6) requires the standard reality condition <f)*(p) = <f)(—p). 
Summarizing all the conditions on the dynamical string field we have 

(|tf))t = _<*!, reality 

|\&) is Grassmann even, 

G\ty) = 2|\l/), for the classical action. 



3.2. The Kinetic Term 

Having discussed in detail the relevant issues of conjugation and the conditions that must 
be imposed on the closed string field we now turn to the closed string field kinetic term 

So, 2 = ^|coQ|*>. (3.10) 

Since the CqQ operator has ghost number two, and the string field has ghost number two, the 
total ghost number adds up to six, as it should. This shows that the BRST operator alone 
could not have been a suitable kinetic operator for any choice of ghost number for the string 
field. Thus the necessity of an extra insertion. In order to preserve gauge invariance in the 
presence of the insertion of Cq the dynamical string field must satisfy the subsidiary conditions 



* Most recent works in closed string field theory use the convention where the string field |^) is of ghost 
number +3, and is annihilated by Cq • The convention chosen in the present work is useful to make explicit 
factors of Cq dissapear from the identities satisfied by the string products. 
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b Q |\P) = Lq |\l/) = 0. Using the reality condition on the string field and the definition of the 
antilinear inner product, the kinetic term can also be written as 



5 0>2 = -^(*,cbQ*), (3.11) 



and using the definition of the linear inner product, it can be written as 

S 0fi = ^(%Q9), (3.12) 

which is the nicest expression for the kinetic term and justifies our introduction of the linear 
inner product with a ghost zero mode insertion. 

Hermiticity of Sq^- We check this beginning with (3.11) 

= -(tf,Qcott), 

where we made use of (2.37) and of the hermiticity of Cq and Q. Since {Q, Cq } does not vanish, 
we are not yet through. One must use the fact that \1/ is annihilated by b^ , and we do this by 
inserting the factor {6^,Cq~} = 1 in the above expression 

= -(*, [b c +c b ]Qc ^) 
= -(* , c b Qcq*) 

= +(M/,c -g{6 -,c -}M/) 

= +(M/,c -QM/) 

proving the hermiticity of the kinetic term. In the first step we used the hermiticity of b^ and 
&o~l^) = 0- l n the second step we moved the remaining b^ to the right until it annihilates the 
string field. On the way one picks up the commutator with Q giving Lq which annihilates 
Cq^, and the commutator with Cq , as shown in the equation. 

Field Equation. This time we begin with (3.12) and vary the string field to find 

2-6S 2 = {6*,Q*) + (*,Q6V), (3.15) 

using (2.62) the second term can be written as (QS^f, \l/) and using (2.63) we write it as 
(5^f, Qty. Therefore the total variation is SSq2 = (S^f,Q^f) and the nondegeneracy of the 
inner product (see (2.61)) together with the fact that b~Q~Q\^) = implies that the equation 
of motion is simply 

Q|*) = 0. (3.16) 

This equation is simply what one would expect naively from (3.12). 
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Gauge Invariance. The gauge transformations of the classical theory are given by 

W = Q|A>, (3.17) 

where the gauge parameter must satisfy the following conditions 

5 -|A) = L -|A> = 0, 
(|A»t = -(A|, reality 
| A) Grassmann odd, 
G\A) = |A), ghost number, 

which follow from the corresponding conditions on the string field in Eqn. (3.9) (the second 
condition is verified by showing that {QA\ = (A\Q and ((QA)^ = (A^Q). The gauge param- 
eter can also be expanded in terms of target space gauge parameters as |A) = J2 |<l> r )A r . Since 
the ket |$ r ) must have ghost number one, it must be Grassmann odd, and as a consequence 
(Eqn. (3. 18)) the target space gauge parameters are Grassmann even, as expected. 

The equation of motion in (3.16) is clearly gauge invariant under this gauge transformation. 
Let us check the gauge invariance of the action 

2 • 5S ,2 = (QA , QV) + (% QQA), 
= -<A,QQ*) = 0, 

where use was made of Eqn. (2.63) and of the nilpotency of the BRST operator. 

Physical Spectrum. As a consequence of the field equations and the gauge transformations the 
physical spectrum of the theory is defined by the semirelative cohomology 

Q|tt) = 0, |tt) = |tf) + Q|A), 

b \*} = b Q \A) = 0. 

It is possible to show that all cohomology is always concentrated on the subspace Lq = 
0, so this condition need not be imposed explicitly in the cohomology problem (it must be 
imposed explicitly on the string field in order to have a gauge invariant kinetic term). The 
cohomology computed with no subsidiary conditions on the string field nor gauge parameters 
is called absolute cohomology. The closed string relative cohomology is computed imposing 
the conditions that both bo and bo annihilate the string field and the gauge parameters. 

Let us conclude by writing out the string field kinetic term for the case of the tachyon. 
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Using (3.7), (3.8), and (2.26) in the kinetic term (3.10) we find 
,tach_ l f d P f d P' ,// w / -,, _ -+, 



SkTn 2 J (2^p J J^^') ("^ l|c-ic_ic -c + (Lo + Lo)ciEi|p, 1) 0(p), (3.21) 



and using L + L =p 2 -2 (Eqn. (2.30)) and (2.31) we find 



^ioc/i 1 f dp 



S IT = — 2 J j^yA-p) (p - 2) m, (3-22) 

which is indeed the correctly normalized tachyon kinetic term. 
3.3. Batalin Vilkovisky Formalism and the Kinetic Term 

In the Batalin Vilkovisky formalism one works with a set of fields ip s and a corresponding set 
of antifields ip*. The index s may possibly run over many indices, discrete and/or continuous. 
One encodes the grassmanality of ip s in e s ; if ip s is Grassmann even (odd), e s is an even (odd) 
number. The grassmanality of ip* is similarly encoded in e s * . 

The fields and antifields are paired, with ip* denoting the antifield corresponding to the 
field if) s . The elements of a pair have opposite statistics and their ghost numbers add up to 

(-1): 

e s * = e s + 1, g\r) + g^t) = ~h (3-23) 

The master action is built using fields and antifields with the "boundary condition" that 
when the antifields are set to zero (and % is set to zero) we should recover the classical action. 
The full master action S must satisfy the complete Batalin- Vilkovisky master equation 

dip s dip* dip 8 dip* ' [ ' ' 

where repeated indices are summed, and d r , d\ denote derivatives from the right and from the 
left respectively. If this equation is satisfied it follows that the S-matrix of the quantum theory 
is independent of the gauge fixing conditions [11]. This equation is sometimes written more 
briefly as 

^{S,S} = -hAS, (3.25) 

where the antibracket {•, •} and the A operator are given by 

SGH\ = ——-—— A = —— (3 26) 

1 ' j dip s dil)* s dip* s dil) s ' dip s dip* s ' [ ' ' 



The antibracket satisfies a Jacobi identity of the form 

(_)(^ + l)(e ff + l)| F) | G) jjyy + cydic = Q ^7) 

We now define the "master transformations" , which are the precursors of the BRST trans- 



* For r\ a c-number one has: d r /dip s (r]tp r ) = r]5 r s and di/dip s (r]ip r ) = (—) esev riSl. 
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formations of the gauge fixed theory and of the gauge transformations. We denote the master 
trasformation of an object O by sO. They are defined by 

sO = {O, S} ■ /x, (3.28) 

where O is an arbitrary function of the fields and antifields, and \x is an anticommuting c- 
number. It follows from this definition and that of the antibracket that 

Note that these transformations do not change the statistics of the object that is varied. Let 
us now perform two transformations in succession, one with parameter // and the other with 
parameter //: 

s(sO) = {sO,S}-fi, 

= {{0,S}-^,S}-^ 

= {{0,S},S}-fi'fi, 

~{0,{S,S}}-n'n, 

where in the last step we used the Jacobi identity. If the action S satisfies the classical master 
equation {S, S} = (the % — reduction of (3.24)) then the master transformations are 
nilpotent. Moreover, in this case, the action S itself is invariant under master transformations, 
since sS = {S, S} • (x — 0. Thus: 

{S, S} = 0, implies s = 0, and sS = 0. (3.31) 

In the remainder of this subsection we will describe a basis for fields and antifields in 
closed string field theory, show that the kinetic term satisfies the classical master equation, 
and conclude by giving two selection rules showing what type of terms cannot appear in the 
master equation. 

The basic idea on how to decompose the string field into fields and antifields is due to 
Thorn who studied this problem for the case of open string fields [24] . What follows is simply 
an extension to closed strings. One decomposes the string field |\&) as 

|*) = |*-> + l*+), (3-32) 

where |^_) contains all the fields and |\P+) will contain all the antifields. Both |^_) and |^+) 
must be annihilated by b^ and Lq . The fields appear as follows 

!*->= J2' \^s)^ 8 - (3.33) 

G($ s )<2 

The sum extends over the basis of states |<& 5 ) with ghost numbers less than or equal to two, and 
the prime reminds us that the states are annihilated by Lq . The target space fields ip s have 
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target space ghost number g {^ s ) = 2 — G($ s ). It follows that the fields include all possible 
values of g t > 0. Half of the fields appear along states built on the |||) vacuum and the other 
half along states built on the |||). Note that the complete set of fields is much larger than the 
set of fields in the classical action, we now include all possible positive ghost numbers. The 
antifields appear as 

|tf+)= £)' !*•>#» ( 3 - 34 ) 

G($ s )<2 

where ip* is the antifield corresponding to the field ip s and |$ s ) = 6^1$^), as defined earlier. 
Since G($ s ) = 5 — G($ s ), it follows that the ghost number of ip* is 

g\r a ) = 2 - G($ s ) = 2 - (5 - G($ s )) = -3 + (2 - g^)) = -1 - ^ s ), (3.35) 

and therefore, the target space ghost numbers of a field and its antifield add up to (—1), as it 
should be. Moreover, the statistics of the antifield is indeed opposite to that of the field, since 
the statistics of the corresponding first quantized states are opposite. A field corresponding 
to a state built on the |||) vacuum is always paired with an antifield corresponding to a state 
built on the |||) vacuum, and viceversa. Note that the ghost number of the antifields takes 
all possible negative values. 

It is rather interesting that the closed string master action (with h — 0), satisfying the 
classical master equation, is simply given by the same expression that gives the classical action, 
but without restriction on the ghost number of the string field. Indeed upon setting all the 
antifields to zero in such an expression one recovers the classical action. This happens because 
all fields have ghost number greater or equal to zero, and the only ghost number conserving 
terms are the ones involving the ghost zero fields, that is, the classical fields. 

Let us now verify that the above ansatz, for the case of the kinetic term, does indeed satisfy 
the master equation. The master kinetic term is given by 

So,2 = |<i2i 2 |*i>C? 2 |*2>, (3.36) 

where, for brevity, we introduced the grassmann even operator O given by O = CqQ, which 
satisfies (R12KO1 — O2) = 0, and now the string field contains all ghost numbers. It follows 
by taking derivatives that 

■^f = <i?i2|*i>e> 2 |$ s ) 2 , and -LA = (-f^(R u \y 3 )0 4 \$ s ) 4 , (3.37) 

and therefore back into the classical master equation we have 

|^|| = -(^2|*l>02^34|*3>04E> S ) 2 |^)4(-) $ % 

-, G(<M "' (3.38) 

G($ s )<2 
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where we used the symmetry of the terms to the left of the sum under the exchange of the 
labels 2 and 4. We now use (2.83) to replace the second term in the sum 

£' H $ 1$ S )4|$ S )2 = -^ / H^ + 1 |$ S )4|$ S )2 = ^ / (-)*-|<&,>2fo>4, (3.39) 

G($ s )<2 G($ s )>3 G($ s )>3 

and back into (3.38) we now obtain a sum extending over all states 

= -\ (Ri2\^i)0 2 (R^z)0± ^ / (-) $s l^)2|$ s )4, (3.40) 

s 

and the sum is recognized to be simply a primed gluing ket (see Eqns. (2.78) and (2.79)). We 
therefore have 



drS^diS^ 

dil) s dip* s 



-(Rl2\^l)O 2 (R34\O4\^3)b {4) \R'24), 



= -(^2\O 2 (Ru\b i3) O 3 \^ 3 )V 2 \R24), 

= -{V 2 \0 2 {R 34 \b- {3) 3 \V 3 )\R M ), (3 ' 41) 

= -(^2|02^ (2) 2 |^2), 

= -(V\OboO\V) =0, 

where the projector V 2 was moved all the way until it becomes one acting on {^f 2 | , use was made 
of Eqn.(2.70), and of the fact that Ob^O = c^Qb^c^Q vanishes between states annihilated 
by bQ . This concludes our verification that the kinetic term satisfies the master equation. 

Selection rules . It is clear from the master equation that field/antifield independent terms in 
the master action do not appear in the master equation. It seems possible, at first sight, 
that there are field independent terms in the master equation; for example, tadpole terms 
(interactions with one field) could give constants in the left hand side of the equation, and 
bilinear interactions could give rise to constants in the right hand side. We now show this is 
not possible, we claim that 

MM-o and AML-o (342) 

where Sn (g > 0) denotes the part of the master action S proportional to hP and with n string 
fields. The reason these terms vanish is simple. When we have only one string field in the 
interaction term (as in Sf) only a target space field of ghost number zero can appear, thus a 
field. Then, the derivative with respect to the antifield must vanish. For the second case (that 
of S2) one is dealing with terms with two string fields, the corresponding target space fields 
must therefore have opposite ghost numbers, thus they can never correspond to a field and its 
antifield. 
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4. Algebraic Structure of Closed String Field Theory 

In this section we will begin by introducing the string field products. These products are 
required to be multilinear, graded commutative, and to satisfy a generalized type of Jacobi 
identity involving the BRST operator. Closely related to the string products are the string 
multilinear functions. While the products are necessary to write the field equations and the 
gauge transformations, the multilinear functions are used to write the string field action. In 
this section we do not prove the requisite properties of the string products, this is done in 
sections §7 and §8. Here we simply show, that given those requisite properties one can build a 
string field action that is consistent. In particular we show the gauge invariance of the classical 
action and give the algebra of gauge transformations. For the full quantum theory we show that 
the action satisfies the quantum master equation and give the BRST transformations. In the 
last subsection we observe and comment on the fact that the algebraic structure of the classical 
closed string field theory corresponds to a homotopy lie algebra L^, a cousin of the homotopy 
associative A M of Stasheff [21]. This L^ algebra is defined on the full Fock complex of the 
theory, which includes physical, unphysical and trivial states. In this algebra even the ordinary 
Jacobi identity is violated. We also study what happens to the algebraic structure of the theory 
when we shift the string field by a term that does not satisfy the classical equations of motion. 
The resulting theory simulates closed string field theory formulated around non-conformal field 
theories and may be of interest in the problem of conformal background independence. 

4.1. The String Products and Their Identities 

Let us denote by 7i the Hilbert space of the combined conformal field theory of matter and 
ghosts, and let B\, B 2 , • • ■ be arbitrary string fields (thought as kets). By arbitrary we mean 
that while the states Bi are annihilated by b^ and Lq, they can have arbitrary ghost number 
G, arbitrary statistics, and need not satisfy any reality condition. The identities we will discuss 
hold for arbitrary string fields, but at some points we will restrict ourselves to dynamical string 
fields, denoted as \1/, which are always grassmann even but may have arbitrary ghost number 
(in the master action), and to gauge parameters, denoted as A, which are Grassmann odd and 
of ghost number one. 

The general string product is denoted by 

[B 1 ,B 2 ,-.-,B n ] g . (4.1) 

It has n entries, that is n states in 7i, and is labeled by a subscript g, which is related to the 
genus of the surfaces that are used to define the product. The product takes the n input states 
in Ti and gives us a state in 7i. The resulting state satisfies the subsidiary conditions 

(b -bo)[B 1 ,B 2 ,---,B n } g = (L -L )[B 1 ,B 2 ,---,B n } g = 0. (4.2) 

A product defines a multilinear map from the tensor product 7i <S> • • ■ <S> T~L — Ti® 71 to Ti: 

[B 1 ,---,B l b + B > l b > ,---,B n ] g =[B 1 ,---,B t ,---,B n ] g b(-f B ^+-+ B ^ 

+ [B 1 ,...,B' i ,...,B n \ g b'(-) b ^ B ^ + - +B ^, (4 ' 3) 
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for any i, such that 1 < % < n, and where b and b' are c-numbers, possibly anticommuting, 
which is the reason we must include the sign factor taking into account that they must be 
moved across the 5's that appear to their right. The products are graded- commutative, that 

is 

[B U ■ ■ ■ , B t , B i+1 , ■■■,B n ] g = {-) B ^ [B lr --, B i+1 , B t ,---, B n ] g . (4.4) 

We will define string products for all values of g > and for all n > 0. For n = a 
'product' is not really a product (there are no input elements) but simply gives us a special 
element in 7i. They will be denoted by [-] g , and sometimes by F g \, that is 

Forn = 0, [-] g = F {g) eTi. (4.5) 

For g > 1 these are the states associated to surfaces of genus g with one puncture, as will be 
defined in §7 . For g = 0, however, we take it to be zero 

[•] = 0. (4.6) 

For n — 1 a product takes one string field and gives us another, it is simply a linear map. 
When g = this linear map will be simply given by the BRST operator 

[B] Q = QB. (4.7) 

All the higher products will be defined explicitly in §7 . 

The ghost number of a product of string fields is given by the following expression 

n 

G([B 1 ,B 2 ,-..,B n ] g ) = 3 + J2(G(B i )-2), (4.8) 

i=l 

which is g independent, and holds for all the products introduced before. Thus, for string 
fields of ghost number two any string product gives us an element of ghost number three. The 
statistics of the product is intrinsically odd, that is 

n 
e [Bl ,..B n ] = l + J2 e Bi- ( 4 - 9 ) 

The fundamental identity that the products satisfy is 



0=Q[B 1 ,---,B n ] g + J2(-) {Bl+ '" +B '- l) [Bi,---,QB i ,---,B n ] 
+ 2J a ( i i^k)[Bi 1 ,---,Bi n [Bj ir --,B jk ]g 2 ] gi 

31,92 

+ ^(-f s [$>s,$s,B 1 ,B 2 ,..-,B n ] 
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(4.10) 



and it holds for all n > 0. We will call this the main identity. The second sum in the right 
hand side runs over all different splittings of the set {1, • • • , n} into a first group {ii, • • • , i\} 
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and a second group {ji, • ■ ■ ,jk}- Two splittings are the same if their corresponding first groups 
contain the same integers, regardless of their order. The following conditions should be satisfied 



9\ > 0, 92 > 0, with gi+ g 2 = g, 

l>0,k>0, with l + k = n>0, 

~ ' (4.11) 

I > 1 when g\ = 0, 

k > 2 when g 2 = 0. 



The factor <r(ii,jk) appearing in (4.10) is defined to be the sign picked up when one rearranges 
the sequence {Q, B\, ■ ■ ■ B n } into the order {B^, ■ ■ ■ Bi n Q, B^, • • • , Bj k }. The sum in the last 
term is over states in a complete basis of the Hilbert space 7i. This sum is restricted to states 
satisfying the Lq — Lq constraint. Moreover, since |$ s ) = 6^1$^), the sum can be restricted to 
states |$ s ) annihilated by 6q . This happens because the conjugate of a state |$ s ) that is not 
annihilated by b^ must necessarily be annihilated by 6^", then the extra b^ in the definition of 
|$ s ) kills the state and the corresponding term dissapears from the sum. This identity has its 
geometrical origin in the the conditions that string vertices must satisfy so that they generate, 
upon the use of Feynman rules, the complete moduli spaces of Riemann surfaces (see §5). Its 
proof will be given in §8 . 

A particularly important subcase of the above equation is the case of g = 0, which is 
relevant for the classical closed string field theory. This implies that g\ — go, — and that the 
last term in (4.10) is not present: 

n 

0=Q[B h ---,B n \ + J2(-) {Bl+ '" Bl - l) [Bi,---,QB tr --,B n ] 

^ (4.12) 

+ Yl a ( i i'Jk)[Bi 1 ,---,B it ,{B jl ,---,B jk } ] , 

l>l,k>2 

where all the conditions on the sum are explicitly stated. 

While the above form for the identities might be most familiar, it is convenient, for sim- 
plicity, to treat the BRST operator Q as generating the product (4.7). This allows one to 
absorb all the terms with Q into the sums. One readily finds (just checking that the signs 
work out) that the general identity becomes 

0= J2 ^J*)[ s ii.--^ s i«J s ii»"^ s iJ»] fll + ^EV)* , [^**.Si ) B 2) ---, J B»] ff _ 1 , 

91+92=9 " S 

{il,j k };l,k>0 

l+k=n>0 

(4.13) 
where the conditions on the sum differ from (4.11) in that now / and k can take all possible 
values (> 0). The identity relevant for the classical theory becomes 

0= J2 v(il,3k)[B il ,---,B il ,[B jl ,...,B jk } ] . (4.14) 

{il,j k };l,k>0 

l+k=n>0 
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Note that in our present setup the terms with k = vanish automatically. 

Let us give a few examples of these identities. Consider first g = 0, and equation (4.14). 
For the lowest possible value of n, namely n = 0, we find 

°=[Mo] "> ^Ho = °> ( 4 - 15 ) 

upon use of (4.7) and the fact that we defined the special vector [ • ]„ to be zero. The next 
case is n = 1, and we find 

= [[B]o] + H B [B,[-]o] = [QB] + = QQB, (4.16) 

which is the statement of the nilpotency of Q. The first nontrivial identity corresponds to 
n = 2 where one finds 

= [fa. *]Jo + H B ' [*• N.1.+ (-)*< 1+ *> [B 2 , [B,]j + (-)*+* [ft, B 2 , [ . ] j , 

(4.17) 
whereupon simplification gives 

= Q[B 1 ,B 2 ] + [QB 1 ,B 2 ]+(-) Bl [B 1 ,QB 2 ]. (4.18) 

This shows that Q acts as a derivation for the product m 2 . For n = 3 (deleting, for brevity, 
the '0' subscripts from the products) one finds 

0=Q[B 1 ,B 2 ,B 3 ] + [QB 1 ,B 2 ,B 3 ] + [B U QB 2 , B 3 ] (-) Bl + [B r , B 2 ,QB 3 ] (-)*+* 

+ [B h [B 2 ,B 3 ]](-) B > + [B 2 , [ Bl ,B 3 ]](-) B ^+ B ^ + [B 3 , [B h B 2 ]](-) B ^+ B ^ B ^. 

(4.19) 
It is a good check and a straighforward exercise to verify using the above identities that 
Q(Q[B\, B 2 , Bs\ q ) = 0. In equation (4.19), the first line corresponds to the failure of Q to 
be a derivation for the product m 3 . This failure equals the failure of the product m 2 , in the 
second line, to satisfy a Jacobi identity. 

A Comment on Signs. In a graded Lie algebra one has elements a, b, ■ ■ ■ and a bracket [, ]. 
Every element has a degree denoted by 'deg' and the bracket satisfies 

[a,b] = -(-) de S a ' de g & [6,a], and deg ([a, b}) = deg a + deg b. (4.20) 

The bracket is said to be skew (graded) commutative. In closed string field theory, letting the 
degree be given by the statistics, the products are graded commutative (see (4.4)). The closed 



• The following comment was prompted by a question of J. Stasheff, and obtained in collaboration with 
him. 
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string bracket satisfies (g = 0) 

[B U B 2 ] =(-) degBl ' degB2 [B2,B l ], and deg ([B h B 2 \) = 1 + degBi + degB 2 , (4.21) 

where the second relation follows from (4.9). Thus, a priori, we do not have the properties 
(4.20) of the bracket of a graded Lie algebra. Nevertheless if we redefine slightly the closed 
string bracket and the degree letting 

deg'B = l + e(B), and [B u B 2 }' = (-) 1 + de g' B i [B u B 2 ] , (4.22) 

the new bracket [, ] , with the new degree, satisfy the conditions given in (4.20). The reader 
may verify that with the new product, the terms in the second line in Eqn.(4.19) become the 
standard three terms of the Jacobi identity of a graded Lie algebra. All this indicates that 
if the higher products would vanish we could obtain a standard graded Lie algebra from the 
closed string product. This implies that the term 'homotopy Lie algebra' is justified. In this 
work we will not use the modified products in (4.22). We will work with the original products 
which are directly motivated by closed string theory. 

Let us now consider the simplest identities for the case g > 1. These correspond to g — 1, 
n = which reads 

= SHi + 5 £'(")*' [*.,*J > (4.23) 

s 

and to g — 1, n — 1, which is 

= Q[B] 1+ [QB] 1 + (-) B [B, [ ■ ] J Q + \ J2'(~f s [*„ *„ B] Q . (4.24) 

s 

Let us verify the consistency of (4.23). We act with Q on the left and on the right, and we 
must see that acting on the right gives zero. The first term on the right is annihilated by Q, 
we must see that the second one is also. To this end it is sufficient to show that terms of the 
following form vanish: 

Yl(-f s [Q*s, *s, B 1 ,---,B n ] g + J2' [*s, Q$s, B lr .-,B n ] g = 0, (4.25) 

s s 

for any product and for arbitrary B's. One may think that the two terms cancel each other 
simply by symmetry properties, but this is not quite true, in fact the second term is identical 

to the first; using (2.83) 

- Y! [*s, Q®s, B lr -.,B n ] g = £'(-)*' [Q®s, 5„ B h ■ ■ ■ , B n ] g , (4.26) 

s s 

and (4.4) for the second step. Thus both terms are identical 

Y\-f s [Q^s,^s,B 1 ,---,B n ] g = Y^[^ s ,Q^ s ,B 1 ,---,B n ] g = 0, (4.27) 

s s 

At any rate it is easiest to establish this relation in the form (4.25) since the relevant terms 
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appear in the form 

• • • y! [(-f s Qi\®s)i\®sh + i$ s )iq 2 i$ s ) 2 ] • • • 

s 
which can clearly be written as 

• • • £' [(Qi + g 2 )(-) $ 1$ s )i|$ s ) 2 ] ••• = ••• [(Qi + Q 2 )|#i2 

s 

since the sum of Q's annihilate the sewing ket. This establishes (4.25) and (4.27) and therefore 
the consistency of (4.23). The consistency of (4.24) is checked in a similar fashion; this time, 
however, one needs a particular case of the following identity 

H'l--M^-] gi ] ga = 0, (4-28) 

s 

where the dots denote arbitrary string fields. Another related and useful relation is 

£'(_)*-(_)*. [$ si $ s , ■ • • , $ r , $ r , . . -] ff = 0. (4.29) 

r,s 

These identities will be simple to establish in §7. 

A particularly useful case of the identities (4.13) satisfied by the products arises when all 
of the elements are the same string field \P (grassman even). We then have that splitting n 
string fields into two groups of I and k string fields respectively can be done in n\/l\k\ different 
ways, thus Eqn.(4.13) gives 

°= £ ^ $1 .rt 2 ] 9I + ^'(-fl^i*l H - ( 4 - 3 °) 

91+92 = 9 S 

l,k>0 

! + fc = n>0 

where the sign factor a dissapeared since it is always equal to one, and where we have defined, 
for brevity, the object \l/ n that simply denotes a set of n entries of the field \& 

* n = *,*,•••* . (4.31) 

n terms 

Note that \l/ n is not a product. 
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4.2. The Multilinear String Functions 

It is now convenient to use the multilinear products discussed above, and the linear inner 
product introduced in §2 to define functions. These functions, given a set of string fields, give 
us numbers. We define 



{A,B 1 ,B 2 ,---,B n } g =(A,[B 1 ,B 2 ,---B n ] g ). (4.32) 

Given this definition we can actually use our basis of states to reverse the relation and obtain 
the products from the multilinear functions. We claim that the correct relation is 

[Si, ... , B n ] g = J^(-f s \*b) • {*., B h ■ • • , B n } g . (4.33) 

s 

We verify this by using (4.32) in the right hand side of (4.33) to obtain: 
= Y!(-)*'\*.){Ri2\*.)i% {2 \B lr -.,B n ]f>, 

s 

= J2'(-f s \^}(Ri2\b {l) mhco {2) [B 1 ,...,B n ] g 2 \ (4.34) 

s 



where in the first step we used (2.83) and then the Cq oscillator was moved up to the reflector 
and since it annihilates |$£) it deletes the b^ oscillator. In the final expression we recognize 
the identity operator (Eqn. (2.49)), in the subspace of states annihilated by Lq. Since the 
string product is in this subspace we have obtained the desired result. 

The functions we have introduced in (4.32) are multilinear 

{B h ■ ■ ■ , B z b + B'ib' , • • • , B n } g ={B h ■ ■ • , B U ■ ■ ■ , B n } g b (_)^+i+-+B,) 

+{B 1 ,...,B' i ,...,B n } g b'(-f( B ^+- +B «\ 

for any i, such that 1 < i < n, and where b and b' are c-numbers, possibly anticommuting. 
This equation follows from (4.3) for all the arguments except the first one. For the first one 
the linearity follows from the linearity of the inner product; the sign factor arises from the Cq 
insertion in the inner product and the fact that the multilinear products are intrinsically odd 
(Eqn. (4.9)). The multilinear functions are also graded-commutative 

{£?!, • • • , Bi, B i+1 , • • • , B n } g = H^+H^i, • • • , B i+1 , B ir --, B n } g , (4.36) 

a fact that will be essentially obvious in §7 . Since a multilinear function gives us a number, 
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which is of ghost number zero, it satisfies a selection rule 

n 

{B 1 ,B 2 ,---,B n } g ^0, implies ^(G(Sj) - 2) = 0. (4.37) 

i=i 

The statistics of the multilinear functions is intrinsically even, that is 

n 

i=\ 

The lowest order multilinear functions are 

{B 1: B 2 } g ={B 1: [B 2 ] g ) : 

{B} g = {B,[.] g ), (4.39) 

{ • } g = Number to be defined in §7, 

where the last definition is not just a particular case of (4.32). For g = we declare 

{•}o = 0, (4.40) 

and because of (4.6) we have {-B}o = (B, [ • ]„) = 0. The multilinear functions will enable us 
to write actions next. 

4.3. The Classical String Action and its Gauge Invariance 

In this section we give the classical action for closed string field theory. We then give the 
form of the gauge transformations, and show the invariance of the action. Our treatment just 
amounts to streamlining of the proofs constructed in [3]. Finally, we compute the commutator 
of two gauge transformations. 

The classical string action is simply given by 

i °° n 

71=2 

Here k is the closed string field coupling constant. Once we recognize that {\l/, ^jo = 
(\l/, [\l/]o) = {^f, Q^), the action can be written in the more familiar form 

1 oo n _ 2 

S(V) = -{% QV) + J2 ^T-{^}o. (4.42) 

n=3 

In fact, given that we have 

{*}o = <*,[.] ) = <*,0) = 0, (4.43) 
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and {-}o = (from (4.40)), we can actually take the action to be 

CLASSICAL ACTION: S(V) = -* V ^-{# n }o- (4.44) 



K" *■ — ' n\ 

n=0 



This form of the action is motivated by the higher genus action, which must receive contribu- 
tions from n — 1, and may or may not include contributions from n — 0. 

The field equations follow from (4.41) by simple variation 



00 „n-2 °° v.n-1 



n=\ n—2 



n=2 ' n=2 ^ '' 

and are given by 

oo n —\ oo n _i 

FIELD EQUATIONS: = JF(*) = ^ ^-y- [^ n ] = Q\V) + ^ ^[f] fi . (4.46) 

n=l 
The gauge transformations of the theory are given by 

GAUGE TRANSFORMATIONS: <5 A |*) = JZ "T^"' A ]o' ( 447 ) 

which in expanded form read 

tf A |*> = QA + X;?y[* n ,A] . (4.48) 



n! 

n=0 






, n! 

n=l 



Let us now show the invariance of the action under the gauge transformations. We begin with 
Eqn. (4.44) and obtain 



K n-2 






n 
00 °° ^n+m-1 



ZI^f*M»"*],) ( 



n! m! 

n—0 m=0 



00 °° ^.n+m-1 

££W{[* m . A ]o.*"}<, 

n=0 m=0 

oc oo n+m— 1 

EE^r<[* m . A ]o.[*1o>. 

n=0 m=0 
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(4.49) 



to find upon reordering 

oo 



K n-i 



n=0 «>o : fc>o 

£4-fc=n 



To show that this vanishes we make use of (4.30) for the case when g = 

°= E ^[*M**]o] > ( 4 - 51 ) 

i + fc = n>0 

;,fe>o 

and form the inner product with A to get 

°= E ]fp<M*M**]o] >' (4.52) 

i,fc>0 

and then we simply rearrange 

(A, [*', [**]„]„) = {A, *', [**]„}„ = -{ [**]„,*', A}„, 

= -<[•*]». [*'.A] > = -<[*', A] , [**]„>, 

and therefore back in (4.52) we have 



(4.53) 



°= E ^f<[*'. A ]o.Mo>- (4-54) 

i+fc=n>0 
i,fc>0 

This identity, holding for all n > implies that S A S in (4.50) is zero, as we wanted to show. 

Gauge Algebra. Let us now turn to the algebra of gauge transformations (see also Ref. [35]). 
We will see that the commutator of two gauge transformations is a gauge transformation with 
field dependent parameter plus some extra terms which vanish upon use of the equations of 
motion. Consider therefore the commutator 

[6 A2 ,6 Al }\V) = (5 A2 5 Al -5 Al 5 A2 )\^), (4.55) 

a short computation gives us 

K n+i / \ 

[<5a 2 AJ|*> = E E 7T^ [^MA2,^] ] -(Ai-A2) • (4.56) 

Z+fc— n 

From the basic identity for string products (4.14), consider the relation that follows when we 
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take the string of fields \l/ n AiA2 with n > 0. We get 



°= £ ^([*'.Al.[A 2 . *1olo- [*'.A„[A 1 ,*']j 

l,k>0 ' ' V 

i + fc = n>0 (4-57) 

-^,[ Al ,A 2) ^] o ] o+ ^,Ai,A2,M ] ( X 

where the combinatorial factor is clearly the same for all four terms, and the signs arise from 
the oddness of the gauge parameters. This equation holds for all n > 0. The first two terms 
appearing in (4.57) are precisely the ones that appear in the right hand side of (4.56), which 
therefore reduces to 






£,fc>0 

It is convenient to write this right hand side as 
;=o "' v fc=o 



(4.5? 



00 l / °° fc+i \ 

;_n \ 7 — n / 



(4.59) 



where JF, the field equation, was given in (4.46). Recognizing that the first term in the above 
equation corresponds to a gauge transformation (see (4.47)) we finally obtain 

oo ;_|_2 

pA a ,*A 1 ]|*>=*A(*)l*>+X)V[^' A2 ' Al '- 7r W]o' ( 46 °) 

1=0 L 

where the field dependent parameter A(\P) is given by 



X1 K n+ ' S 



n=0 

= 4Ai,A 2 ] + /€ 2 [Ai,A 2 ,#] ( 



(4.61) 



which is indeed field dependent beyond the first term. The second term in (4.60) is the 
term that vanishes when one uses the field equation J 7 ^) = 0. One sees that both the field 
dependent structure constants and on-shell closure of the gauge algebra are a consequence of 
the theory not being cubic. 
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4.4. The Quantum String Action and The Master Equation 



In this section we show that the identities satisfied by the string field products and multi- 
linear functions imply that the full quantum action, which will be given shortly, satisfies the 
Batalin-Vilkovisky master equation. This implies that the string field action can be consistently 
quantized (in the path integral formulation). Then we will give the master transformations 
and the BRST transformations of the action. The BV master equation was used earlier by 
Hata in the analysis of the quantum HIKKO closed string field theory [39]. 

Before starting, however, let us derive an identity satisfied by the multilinear products 
which will be necessary in checking the master equation. Consider (4.30) for the case when we 
have a set of n — 1 string fields \l/ n_1 , with n > 1. The identity reads 







E 

91+92=9 



in 



(m - l)!n 2 ! 



[* Bi- \ t* n2 w ] 91 + \ E'h* s [*•» *-» * n " Vi> ( 4 - 62 ) 



where n\ and n 2 are treated somewhat asymmetrically. We now form the inner product with 
another string field \l/ to obtain 

(n-l)\ 

ini - l)!n 2 ! 







E J'^' , {*"■■[*%, } 91 + \ E'(-) $ -{*»,8., *"} 9 -r 



(4.63) 



91+92=9 
n l ^lj n 2 — ^ 



While ni and n 2 now appear more symmetrically in the multilinear products the prefactor 
with factorials is quite asymmetric. It is therefore useful to observe that 



{* n \ W%, } 91 = {[* n2 ] ff2 ,* ni } gi = <[* n2 k, [* ni W >, 



(4.64) 



and this symmetry under the exchange of the pairs (ni, <7i) and (n 2 ,g 2 ) allows us to write the 
first term in (4.63) as 



\ E 



(n-l)\ 



2 f^ (m-l)!n 2 ! 

91+92 = 3 



{V n \[V n % 2 } a 1 +{*" a ,[* ni ] ffl } 



'fll 



</2 



n l ^l? n 2 — ^ 

1 
" 2 



E 

+92 
>l,n 

'"2 = 

i E 



fn-1)! 



E 



(n-l)\ 



(ni — l)!n 2 ! ^-^ (n 2 — l)!ni! 

91+92=9 V ± y Z 91+92=9 V Z ' ± 

n l ^l) n 2 —0 n l -^0> n 2 — 1 

nj +n2^'H'>l ni_+n2 = "<>l 



{*% [*"»]»}„, 



(4.65) 



m 



2 f— ' m!n 2 ! 

91+92=9 
n-^ -t-Ti2=^>l 



{^.[^L. 



si 



where in the last step one breaks each sum into a piece with n\, n 2 > 1, plus one term; the two 
resulting sums simplify neatly and the extra two terms can be absorbed into the expression to 
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obtain the quoted result (note that n\ = n2 = is not possible). Using this back in (4.63) we 
obtain the final form of the desired identity 

0= E ^{^.[^U^+E'H*-^ *.,*"},_!■ (4-66) 

91+92=9 S 

nj -\-ri2='n~>l 



We now claim that the full quantum master action is simply given by the obvious gener- 
alization of the classical action 

1 K U 

QUANTUM MASTER ACTION : S(V) = — ^{h* 2 ) 9 ^ — {^ n } . (4.67) 

g>0 n>0 

Note that we have included, for generality, the terms with g — 0; n — 0, 1, which are zero. We 
have also included, for g > 1 the terms with n — 0, which are simply constants, and therefore 
do not enter into the Batalin-Vilkovisky master equation. As discussed in the introduction, 
all such terms may play a role in understanding background independence. The way we have 
defined the coupling constants is consistent since 



^w = E(^ 2 ) 5_1 E^{* n L ( 4 - 68 ) 



g>0 n>0 

where it is clear that we have a single coupling {Tin 2 ) appearing in the theory once we let 
\1/ — > k~ \P. Let us now verify the master equation, which reads 

*s*s +ft ft*£ = a (4 . 69) 

dip* dip* dip s dip* v ; 

To this end it is convenient to define 



S^^) = ^{^ n } g , -► S(V)= J2 h 9 K n+29 ~ 2 S%(V). (4.70) 

U ' g,n>o 

Plugging this power expansion of the action into the BV equation we find 

dip s dip* dip s dipt 



drS% ihS% d r 35*.! _ 

Z^ fobs fhh* fhl,s fhh* ' \ ' J 



91+92=9 

n-^ -\-ri2= n>0 
n l i n 2 —0 



Note that for n — 0, which implies n\ = ni = 0, both terms above vanish, since the corre- 
sponding S"s have no field/antifield dependence at all. For n — 1, the second term vanishes, 
and, since either n\ or n<i must be zero, the first term vanishes too. For n = 2 the selection 
rules (3.42) derived in §3.3 imply both terms must again vanish. Thus the relation above holds 
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trivially for n < 2. We must show it holds for n > 3. It is then convenient to relabel the 
indices appearing above; we must show that 

a qrn+l a qn 2 + l o a on+2 

y- Qrb gi Oib g2 d r Olbg-1 _ , v 

^ d%b a d%b% d%b s dib% K ' ' 

91+92=9>0 6 S 

n l ■ n 2 — 

In order to be able to take the derivatives from the right or from the left correctly we use 
the fact (from §7 ) that multilinear products are of the form {B\ ■ ■ ■ B n } ~ (Q\Bi) ■ ■ ■ \B n ) 
with (Q\ grassmann even. We then have 

^ = 7-^r{* n ~\*.} , and ^S = _L_{^- 1 ,$ S } (-)*.+!, (4.73) 

d^ s (n-1)! 1 ' J 3' dtp* (n-1)! 1 ' J 5 V > ' v ' 

where the first result has no sign factor because the derivative, coming from the right hits 
directly the field; in the second case the derivative must be pushed across the state and we get 
the quoted sign factor. (One has ^r|$ s ) = {~)^ s+1 \^s)-^h since the derivative has the same 
statistics as the corresponding antifield ip*, which in turn has the same statistics as the state 
|$ s ), given that the string field is grassman even). 

Let us begin the calculation with the first term of (4.72). We symmetrize explicitly in the 
first and second labels and using (4.73) we find 

2 ^ ^ ni'm' l J ffi l J ff2 ' i ' s Jff 2 i- ' s Jgi 

91+92=9>° G($ s )<2 L 

n l > n 2 — ^ 

(4.74) 
The second term in the brackets can be written using (2.83) as 

E' {* n2 ^s} g2 {* n \$s} gi (-f s+1 = E' {* ni ^s} gi {* n \$s} g2 (-f° + \ (4.75) 

G($ a )>3 G($ s )>3 

where in the last term we commuted the multilinear functions (this produces no extra sign 
since the string field is even and $ and $ are of opposite statistics). Back in (4.74) we now get 
a complete sum representing the first term in the BV equation (4.72) (this term is now denoted 

by (i)) 

m = J 2 £ £'^{*"'.*»U*" 2 .*.y-)*'- (4.76) 

Sl+S2=9>0 S 

n l ' n 2 — 

We now simplify the sum over states in the above expression 

E'i^'^^I^^.^H^^E'i^'^^i^'^l.H^, 

s 

EV [*%><*- MJH* 



(4.77) 



4:-! 



In order to proceed further we use the explicit representation of the inner product 

s 



where we moved the states to the right and recognized the sewing ket. We take b into 

— (2') — 

the bra (i?i'2'| where it becomes b and then eliminates the c insertion. Moreover the 
projector Vy is not necessary since the state [\I/ n2 ] is annihilated by Lq . Thus we find 

-(2) |\T,nil ( 2 ) l-flrnal (1 



(i?lo| C n l WT j r^ n2 i v j 



132' l J 5 

and therefore the first term entering the BV equation (Eqn. (4.76)) is simply given by 



(1) = -- V — : -*— r {* ni ,[* n2 l } . (4.80) 

W 2 ^ n.i no l ' L J ^2 J 51 v ; 



2 ^^ nilno! 

Sl+S2=9>0 

n l ' n 2 — ^ 



The second term entering the BV equation is readily computed 



<9 r ^^_i 2 _ 1 d r , _ n+1 ~ , , , $s+1 



<9?/> s cfy/>* (n + 1)! <9-?/> s 

1 E' { r - $ ^4 rl H $s+1 . 



(4.81) 



G($ a )<2 



where we got no extra sign factor in the last step because the statistics of the derivative, which 
equals the statistics of ip s is opposite to the statistics of the state |$ s ). Now, as we have done 
several times by now, the term inside the sum is written as two terms: one half of itself plus 
one half of itself; one of these terms is rewritten using (2.83), we then obtain the complete sum 
over all ghost numbers. Thus finally, we have 



(II) = ~ £' {* n , *., *.},-iH*'- (4-82) 



2-ra! 

s 

Now putting all together (Eqns. (4.80) and (4.82)) we have that the BV equation requires 
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91+92=S>° s 

n l ■> n 2 — ^ 

(4.83) 
which indeed is true on account of Eqn. (4.66). This concludes our verification that the master 
action satisfies the quantum BV equation. 

BRST transformations . In the BV formalism once we have the full master action we can 
immediately obtain the master transformations. These transformations become the BRST 
transformations upon gauge fixing. What we want to show now is that the master transfor- 
mation for the string field takes the form s|\&) = (Equation of Motion of \l/) • //, that is, they 
are proportional to the field equations arising from the master action. This fact is familiar for 
the classical field theory, as shown in [3], and was also noted in open string field theory [25]. 
We begin our derivation using Eqn. (3.28) 

S |tt) = {|tt),S}.ji, 

' dr\%) diS d r \V) diS 
dip s dtp* dip* dip s 



//, 



y' (\< ! > a )W_ft ) !hs_y (4 . 84) 



G($ s )<2 



j2 n 9 K n+2 9- 2 y! (i*<) 

>0,n>l G($«X2 ^ 



d t S» ~ as? 



5 >0,n>l G($ s )<2 x 



where in the last step we made use of (4.70). Evaluating the derivatives (as in (4.73)) 






fl, 



(4.85) 



5>0,n>l G($ s )<2 

5>0,n>l ^ ''5 

= _ y ^+2 S -2 _Lr^n-ii ./x, 

Z^ n-l! L J 5 p ' 

5>0,n>l v ' 

where we made use of the rearrangement property (2.83), and of (4.33). The minus sign can 
be clearly absorbed into the definition of the anticommuting parameter //, and the sum over 
n can be shifted to obtain 

MASTER TRANSFORMATIONS: s|tf) = J^ ftV*" 25-1 -^"] • fi- (4.86) 

g,n>0 
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This is the desired result. Indeed, for genus zero we have 

s|*> = E« n " 1 ^[* n ]o-A* = ^(*)-^ ( 4 - 87 ) 

n>0 

where T is the classical field equation. 

In the BV formalism one obtains the BRST transformations as follows. One requires that 
the antifields be specified by a relation of the form 

« = W (488) 

where T is called the gauge fermion. The gauge fixed path integral is given by integrating only 
over fields, and substituting on the master action S(ip s ,ip*) the antifields by use of (4.88): 



Zr = / dip s exp 



-l-s(4> s ,dr/dip s 



(4.89) 



One can verify that this gauge fixed action is independent of the choice of gauge fermion T 
by use of the master equation [11]. The BRST transformations of this gauge fixed theory are 
simply given by the master transformations evaluated at the gauge fixing surface 



BRST TRANSFORMATIONS: 8 B |*)(^* = 0) = (s|*)) 



(4.90) 



and they are only defined for the fields (that is the reason for writing (ip* = 0) in the left 
hand side). That means that the terms in the right hand side that could be identified as 
transformations of antifields are simply ignored. The main property of this transformation is 
that it leaves the path integral in (4.89) invariant. Neither the action nor the measure are 
invariant but their variations cancel each other. The BRST transformations are nilpotent on 
the mass-shell (see, for example, [25]). 

The most well-known gauge condition is the Siegel gauge, in which one requires &J| X I / ) = 0. 
For a string field annihilated by 6q" the kinetic term boils down to 

Skin = \ (y\c 4(L + 1 )|*>, (4.91) 

and the propagator takes the form 

-^VlRn), (4.92) 

where the operators acting on the reflector can refer to either the first or the second Hilbert 
space. When the propagator is given a sewing interpretation we use a proper time r G [— oo, 0] 



* One must do some work in order to obtain this gauge choice using a gauge fermion (see [25] for the case of 
open strings). It would be interesting to know if the Siegel gauge can always be reached, regardless of the 
conformal field theory and the particular details of its cohomology. The case of two dimensional strings, 
where the semirelative cohomology includes states that are not annihilated by 6g might be a good case 
study. 
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and a twist angle 6 E [0, 2n]. Then 5# = ib Q and 6 r = b^ and we find that the propagator can 



be rewritten as 

2tt 



— b e b T [ dr [ aee^+'^^e^- 16 ^ ■ \R 12 ). (4.93) 

2m J J 



-oo 



4.5. Homotopy Lie Algebras and Axioms of Closed String Field Theory 

The purpose of the present section is two-fold. We will first describe briefly a mathematical 
framework for homotopy Lie algebras and then discuss the algebraic structure of the classical 
closed string field theory. Closed string field theory formulated around a conformal background 
corresponds to an Lqq algebra with products mi,m2, • ■ ■, where m n denotes a product whose 
input is n string fields. The stability of this algebraic structure under shifts of the string field 
that correspond to classical solutions was shown by Sen [27]. Here we will consider shifts of the 
string field that do not correspond to classical solutions. The gauge invariance of the resulting 
theory corresponds to a homotopy Lie algebra with products mo,mi,m2 • ■ •', where itlq is a 
'product' that, without an input string field, gives us a string field ( uiq is just a special 
state). We give the lowest order identities and comment on their relevance to background 
independence. 

Homotopy associative algebras or A M algebras were introduced by Stasheff [21]. These 
algebras, which are relevant to classical open string field theory, were used in homotopy theory. 
The main question was to understand when a given space X was homotopy equivalent to 
some loop space VLY . It was known that an H space with a strictly associative product was 
homotopy equivalent to a loop space, but strict associativity, which cannot always be achieved, 
turned out not to be essential. Homotopy associativity, that is, associativity up to homotopy 
is. The result was that X is homotopy equivalent to a loop space QY if and only if X is 
and Aqo space and 7ro(X) is a group. An Aoo space is a space with a set of multiplications 
m n , n > 2, satisfying a set of associativity conditions. An A^ algebra is a similar structure 
on a vector space. Its definitions is reviewed in the work of Getzler and Jones [41]. The case 
when the multiplications are (graded) commutative, which leads to the homotopy Lie algebras, 
seems to be less familiar in the literature. We could simply take the the homotopy Lie algebra 
to be defined by a set of multilinear graded commutative products satisfying relation (4.14). 
Alternatively, we can define the homotopy Lie algebra L^ mimicking the definition of the A^ 
algebra given in Ref. [41]. This is what we do next. 



f Witten's open string field theory is strictly associative [10], but if one uses open string stubs, which are 
necessary to make the closed string sector explicit [40] , the algebra of open string fields is only homotopy 
associative. 

% A space X is an iJ-space if it has a multiplication m : X x X — > X , such that for some point e one has 
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Given a graded vector space 7i we consider the vector space T(H) formed by adding 
symmetrized products of TC 

T(H) = J2 Sn ® n - ( 4 - 94 ) 

The elements of this symmetrized space will be linear combinations of elements denoted as 
(B\, B 2 , ■ ■ • B n ) e S7i® n . Since we take symmetrized products, the 5's above can be inter- 
changed with sign factors directly correlated to the statistics (as in the multilinear products). 
The space T(7Y) forms a cotensor coalgebra. That is, it has a comultiplication A such that 
A : T — ► T <g> T. The comultiplication must be coassociative, that is, the following diagram 
must commute 

T -A, T(g)T 



A 



A®i (4.95) 



T®T ^ T®T®T 



For our case comultiplication is defined as follows 






A(£i, ■■■B n )= ^ a(t l}3k )(B tl , ■ --Bit) <g> (B jl7 - ■ ■, B jk ), (4.96) 

{i t ,j k };l,k>0 

Z + fc — n 

where the sum extends over inequivalent splittings (as defined below (4.10)) and the sign factor 
a is the sign picked up rearranging the sequence that appears in the right hand side into the 
order that appears in the left hand side. One can verify that this coderivation is coassociative. 
The extra ingredient to have a homotopy Lie algebra is a coderivation b, with b : T — » T, 
of degree (—1) and such that b 2 = 0. A coderivation satisfies a co-Leibnitz rule, that is, the 
following diagram commutes 



A 



A 



(4.97) 



™ 1 ®&+&® 1 rp ^ rp 



We want to use the multilinear products to define the coderivation. In order to have a coderiva- 
tion of degree —1, we will define the degree d of B{ as 

d(B l ) = 2-G(B i ), (4.98) 

then, making use of Eqn. (4.8) we find 

n 

d([B 1 ,B 2 ,---,B n ])=2-G([B 1 ,B 2 ,---,B n }) = -l + J2d(B t ), (4.99) 

i=i 

and now all of our products act as maps of intrinsic degree — 1. The BRST operator indeed 
increases ghost number by one, and therefore lowers the degree by one unit. The special 



element [ • ] must be of degree (—1), that is, of ghost number (+3). The coderivation acts 
linearly on the vectors in T, and is defined (on elements of T) as follows: 

b(B u ■■■B n )= J2 a ^3k) {B h , ■■-,B il ,[B jl ,---, B jk ] Q ), (4.100) 

{il,j k };l,k>0 

l-{-k = n 

where a is the same sign factor as that in (4.10). Note that b acting on an element in S7i® n 
gives us a sum of terms in S7i® with 1 < k < n. Rather than prove here that this is a 
coderivation and that it satisfies b 2 = let us illustrate how the conditions b 2 = 0, reproduce 
the lower identities we had before (taking [ • ]„ = 0, for simplicity). The simplest case is 
b(Bi) = ([Sj ) = (QBi), and therefore 6 2 (5i) = b(QB{) = {QQB{) = 0, by nilpotency of Q. 
Next, we have 

b(B 1 ,B 2 ) = [B h B 2 ] + (QB 1 ,B 2 ) + (-) B ^B 1} QB 2 ), (4.101) 

and then if we apply b again we have 

b 2 (B u B 2 ) = QlB^Bilo + KQB^Bz) + (-) Bl 6(Si,QS 2 ), (4.102) 

using (4.101) to evaluate the two last terms in the right hand side we get four terms, two of 
which cancel, and therefore we find 

b 2 (B 1} B 2 ) = Q[B 1 ,B 2 ] Q + [QB 1 ,B 2 ] Q + (-) Bl [B h QB 2 ] Q = 0, (4.103) 

which is the familiar condition that Q is a derivation of the product m 2 . 

Shifting String Field Theory into a Non-Conformal Background. Closed string field theory is 
currently formulated by first choosing a conformal background, which defines a BRST operator 
and to some degree the string field, since the basis of vectors that we use to expand the string 
field is the basis of states of the conformal field theory. The algebraic structure of such a 
classical theory is determined by the BV equation and has been seen to be an L^ algebra with 
products m n , with n > 1. If the string field is shifted by a classical solution, one expects the 
resulting string field theory to correspond to a theory formulated around another conformal 
background. Indeed, upon such shift, one finds an identical algebraic structure [27] holding for 
modified products, which is evidence that the new theory corresponds to another conformal 
background. If we shift the string field ^ by letting \I> — >• ^q+^' with \l/o a string field that does 
not solve the classical equations of motion, then the new string field theory, whose fluctuation 
field is ty', and whose vacuum corresponds to ^>' = 0, is a string field theory formulated around 
some sort of background that is not conformal. What we do next is elucidate the algebraic 
structure of such theory. 

It is simple to see that such theory still has gauge invariance. If S(ty) is invariant under 
^ — ► ^ + 5\ty (where S\ ^ is defined in (4.47)), then clearly S(^o + \&') is invariant under 
^O + ^/' — > ^o + ^' + ^a(^o + ^0) an d as a consequence it is invariant under \&' — ► \P' + 
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<^\.(^o + ^')- This is the gauge invariance of the new action. Let us therefore begin by finding 
out what happens with the action. From the expression given in (4.44) we get 

1 oo n n / \ 

n=0 m=0 v 7 

1 oo oo n 

= iyr - iy m m- m \ 

K 2 A^ A^t m \ ( n _ m \ I I U Jo 

m=0 77=777 v ' 

-2 Z^ Z_^ mlr,! I 0J0 



(4.104) 



m=0 77=0 



1 ^^ 71 ^^ 771 

K 2 Z^ „.| Z^ „,!!.* *0 /0- 



77=0 777 = 



This result suggests that we define a new set of multilinear functions and products, denoted 
by primes 



777 

{B 1 ,...,B n }'=J2^{B 1 ,...,B n ^}, 

777 = 

oo m 



^ „ (4-105) 



777=0 



which are therefore related to each other as 

{Bo, Si, ••• , S n }' = (So, [Si, • • -B n ]'). (4.106) 

Using the definition of the primed multilinear functions, the shifted action in Eqn. (4.104) 
simply reads 

1 °° 77 

S(^ + *') = SW) = ^V ^r{^ n y. (4.107) 

k a ^— ' n! 

77=0 

The new action therefore takes the same form as the original action (in (4.44)) with the 
multilinear functions changed into new ones. The first two terms in the expansion are 



K m 



777 = 2 

I*' 1 } = E ^M< *"> = (*', E ^7 W1 ) = (*'' «^(*o)>, 

■'— ' ml ■'— ' ml L J 



ml * — ' m\ 

777=1 777=1 



where T was defined in (4.46). Thus the shifted action, reads 

S ^ + vj/') = s-'(ir') = s(* ) + (*', J-(^o)) + • • • , (4.109) 

which, of course, is the expected form of the expansion, since had \&o satisfied the field equation, 
the term linear in the fluctuation field \1/ / would have vanished. Let us now consider the gauge 
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transformations. As we discussed above the shifted action is invariant under the transformation 

00 n 

8' A *' = 5 A (^o + *0 = E ^j [(*o + *T, A] , (4.110) 

expanding out and rearranging in the same way as we did for the action above, one finds 

00 n 

*'a*' = £^[*'",a]'. (4.111) 



which is just the same form of the standard gauge trasformations but now with the primed 
products. The first term corresponds to the new BRST-like operator 

00 n °° n 

[ A ] / -^ A = E^[[ A ^o]=QA + E^[ A ^o]. (4.H2) 

As we will see this new BRST-like operator does not quite have the standard properties. 
The reader may wonder how it is possible that the structures defining the action and gauge 
transformations appear not to have changed despite the shift that did not satisfy the field 
equations. Actually the structures have changed! When we began with a conformal theory 
we had products 1711,1712 ■ ■ •, but for convenience our whole analysis was done including the 
product mo, which was set to zero, and the associated multilinear function, that was also set 
to zero. Our proof of gauge invariance, beginning in (4.47) never assumed that the product 
mo (and the associated multilinear function) was zero, we simply used the basic identity (4.14) 
for all values of n. This time mo is not zero anymore. Nevertheless the gauge invariance of the 
shifted action under the shifted gauge transformations implies that the primed products must 
satisfy (4.14)! Thus, the structure of string field theory formulated around a background that 
is not conformal is that of an Lqq algebra with products beginning with mo- It is fun to see 
what happens with the identities we are so familiar with. This time we will denote the special 
element defined by mo by the name F, 



[•]' = F. (4.113) 

The state F must be Grassmann odd and of ghost number (+3). Note that, from Eqn. (4.108) 
we have that 

{V 1 } = (V, [•]') = {*', kF(* )), (4.114) 

and therefore, for our previous example F = kJ-{^q). The lowest identity in (4.14) was 
analyzed earlier in (4.15) where we had 

=[[•]']' - Q'[.]' = Q'F = 0. (4.115) 

That is, the special element is annihilated by the new 'BRST'-like operator. This is a nontrivial 
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identity. The next case is that in (4.16) which reads 

= [[B}']' + (-f[B, [■}']' = [Q'B]'+(-) B [B,F]' = 0, (4.116) 

which implies that 

Q' 2 B+ [F,B]' = 0, (4.117) 

and therefore the new BRST-like operator fails to be nilpotent by a term involving the product 
rri2 and F . The next identity is (4.17) which this time gives 

= Q'[B 1 ,B 2 ]' + [Q'B 1} B 2 ]' + (-) Bl [B 1} Q'B2]' + [F,B h B 2 ]', (4.118) 

that is, Q' also fails to be a derivation by a term involving F. 

It seems that the above discussion could be useful for our understanding of background 
independence. The analogy with Einstein's gravity is interesting. In this theory, the metric 
on a manifold is the dynamical variable, and the Ricci-flat metrics are classical solutions. The 
analogous objects in string theory are not clearly known, but it would seem reasonable to 
believe that the dynamical variable (string field) in some sense specifies a two-dimensional 
field theory, and the classical solutions are the conformal field theories. Thus our present 
knowledge is as if we knew how to write Einstein's equations around Ricci-flat metrics, but 
not around arbitrary metrics. If we were in this situation, by shifting the metric a bit we 
would be simulating Einstein's equations around a non-Ricci-flat metric. This is what we did 
above for string theory. In this sense our problem in string theory is not that we use a two- 
dimensional field theory to write the string action, it is that we use a conformal field theory. 
If we knew how to write the string action for a more general class of theories it would be 
an advance. What we did was exploring indirectly how such theory would look. It would be 
interesting to study more directly, in two-dimesional field theory, what is the operator Q' , and 
what is the state F. 

As a last point I wish to emphasize that gauge invariance of the Einstein action expanded 
around an arbitrary background works in a way exactly analogous as that discussed above for 
closed string theory. Consider the Einstein action, and an arbitrary background metric ~g a p 
that does not satisfy the field equations. Einstein's action for the metric g a p = g a p + h a p 
would read 

S( g ) = -\ I ^Rd 4 x + \ I d A x^[R^ -\^ v R]h^ + 0{h 2 ), (4.119) 

K J K J L 1 

Now, the gauge transformations on the original metric, imply the following transformations 
for the fluctuating field h^ v 

6 e h, ja , = D lt e 1 , + D v e li , (4.120) 

The above expansion of the action in powers of the fluctuation is gauge invariant, this requires 
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that the variation of the term linear in h be zero, which happens because 

D v [Tr-±gVR]=0, (4.121) 



which is simply the Bianchi identity. The last three equations are entirely analogous to our 
previous equations 

S(^ + *') = S(V ) + (*', ^(*o)> + • • • , 
8' A V' = Q'A + ■ ■ ■ , 

Q'J 7 = 0, (4.122) 

which were used to study the gauge invariance of the string field theory formulated around a 
non-conformal background. 

5. String Vertices and The Geometrical Identity 

String vertices are actually defined, in most generality, by Riemann surfaces with punc- 
tures and coordinates around the punctures. In covariant string field theory, the vertices are 
universal in the sense that they may be used for any background around which the theory is 
formulated. Vertices are the Riemann surface ingredient of the string field theory. In fact, 
finding a consistent set of vertices was the main difficulty in constructing closed string field 
theory. In §5.1 we will define precisely what vertices are, and give the basic properties they 
must have in order that the field theory defined by these vertices yield manifestly factorizable 
and unitary amplitudes, with correct symmetry properties and hermiticity. The conditions 
that eventually yield BRST invariance will be given in §5.2. 

5.1. Definition of the String Vertices 

A string vertex, at a given genus g and for a process involving n strings is a set of surfaces. 
This set is the subset of the full (compactified) moduli space of Riemann surfaces M. g , n , 
and as we will see in §6, it corresponds to the surfaces that are not produced by the sewing 
procedure. The corresponding string field vertices, which define the interactions of string fields 
will be discussed in §7. Let us now define the string vertices. 

Definition . A string vertex V 3 , n is a set of Riemann surfaces of genus g and n punctures repre- 
senting a subset of A4g,n- This set does not include surfaces arbitrarily close to degeneration: 
there exist open neighborhoods of the compactification divisor of M- g , n that V g , n does not 
intersect. Each surface in the set must be equipped with a specific choice of analytic local 



• The compact boundaryless space M. g _ n is obtained from M. g _ n by adding the surfaces with nodes, or 
degenerate surfaces. Such surfaces, also called the compactification divisor, are obtained by sewing 
ordinary surfaces in the limit of vanishing sewing parameter. 
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coordinates around each of its punctures. The coordinates around each puncture are only de- 
fined up to a constant phase. The coordinates must be defined continuously (up to the phase 
ambiguity) over the set V 5;n . 

Let us elaborate on this definition. In particular we will impose further conditions on 
the vertices. The fact that local coordinates are defined up to phases means that two sets of 
local coordinates Z{ and z[ on the same punctured surface are said to be equivalent if for any 
point P around the i-th puncture, such that zi(P) is defined, z[(P) is also defined, and one has 
Zi(P) = exp(i#j)^(P), for all i. The #j's are puncture dependent constant phases. The set Vg )7l 
may not be connected nor simply connected so continuity of the definition of local coordinates 
is understood to hold for each connected component of the set. Continuity also holds up to 
the constant phase ambiguity. It is necessary for continuity of the off-shell amplitudes as we 
move in moduli space. This, in turn, is required for BRST invariance. 

It is probably impossible to get rid of the phase ambiguity in the definition of the local 
coordinates in the string vertices. It is well known that one cannot define local coordinates 
without phase ambiguities all over moduli space because of a topological obstruction [37]. 
Whether one can define them continuously over the subsets V ff>n is not clear, but seems rather 
hard since the Vg,n$ are expected to have complicated topology. At any rate neither quadratic 
differentials nor minimal area metrics show us how to avoid the phase ambiguities. 

Since the scale of the local coordinates must be fixed, we will impose the following require- 
ment: 

(a) For every surface TZ G Vg,n the local coordinates z% around each puncture must define a 
disk Di — \zi\ < 1. The disks must not overlap, except possibly at their boundaries. 

The case when the disks D{ cover precisely the complete Riemann surface, are called overlap 
type vertices. In general this will not be the case, and removal of the disks leaves a surface 
with a number of holes. While the classical closed string field theory can be constructed with 
overlap type vertices, this is not the case for the quantum theory, as we shall see in the next 
section. 

The complete information about the local coordinates is actually encoded in the disks 
Di. A disk Di whose boundary is a simple closed Jordan curve 7$ (a curve without self- 
intersections) allows us to define local coordinates in a very simple way: we declare the curve 
7i to be the locus \z{\ = 1, and the puncture to correspond to Zi = 0. The coordinates in the 
disk D{ are defined by the conformal mapping to the unit disk. The three parameter ambiguity 
in the conformal map relating two disks is reduced to one via the constraint on the position 
of the puncture. The left over parameter is the ambiguity due to rigid rotations of the disk. 
Therefore 

Definition . A punctured Riemann surface with local coordinates around the punctures pi, is a 
Riemann surface with simple closed Jordan curves 7^, called coordinate curves, homotopic to 
the punctures, defining punctured disks Di, such that int(-Dj) fl 'mt(Dj) = for i 7^ j, where 
int(-Dj) denotes the interior of the disk Di. 



f I thank A. Connes for this observation. 
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Our inability to define phases corresponds to the fact that we cannot single out a point 
in every coordinate curve continuously over moduli space. Two local coordinates agree (up to 
phases) if their coordinate curves are identical. While the coordinate curves are, a priori, curves 
without parametrization, the map to the unit disk gives them a canonical parametrization. 

The condition that the surfaces in V g ^ n be non-degenerate surfaces is essential since these 
surfaces will give rise to the interaction vertices of the string field theory and we insist that 
all degenerate surfaces arise from propagators, in order to have manifest factorization and 
unitarity. It is natural to require for a covariant theory, that these vertices be symmetric 
under the exchange of punctures, thus, even though our punctures are always distinguishable, 
or labeled punctures, we demand that 

(b) The assignment of local coordinates to the punctured surfaces is independent of the labeling 
of the punctures, moreover, if a surface TZ with labeled punctures is in V then copies of TZ with 
all other inequivalent labelings of the punctures are also included in V. 

This condition has been discussed in detail in [7], where we also required that: 

(c) If a surface TZ G V then TZ* G V, where TZ* denotes the mirror image of TZ; moreover, the 
local coordinates in TZ and TZ* are related by the antiholomorphic map that relates the two 
surfaces. 

This condition is required for manifest hermiticity of the string field interactions defined 
by the string vertices [7]. We now turn to the conditions that will guarantee BRST invariance 
of the theory. 

5.2. Consistency Conditions on String Vertices 

The choice of vertices is not arbitrary. There is a very stringent consistency condition 
represented in the following geometrical equation [7] 



(5.1) 



In this equation the left hand side denotes the set of surfaces in V g >n that lie on the boundary 
of the region of moduli space this vertex fills. These are surfaces with labeled punctures. In 
the right hand side the first object is a sum of groups of terms, each such group is labeled by 
a choice of numbers (gi,ni) and (#2,^2), where g\ + g% = g, and n\ + n^ = n + 2. These 
numbers indicate the genus and number of punctures of the surfaces we will deal with. Having 
done this we split the n labeled punctures into two groups, (n\ — 1) for the surfaces having n\ 
punctures, and (112 — 1) for the surface having 112 punctures. The punctures left open are to 
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be sewn to each other. Since this splitting can be done in in ( n "l 1 ) different ways this is the 
number of terms we obtain for this group. For each term we now consider the sets V gi , ni an d 
V 52] n 2 , with the labeled punctures assigned and one puncture left over (the way to assign the 
labeled punctures is immaterial since the vertices are symmetric, as demanded in property (b) 
§5.1). We then sew each surface in the set V gijni to every surface in the set V 52i n 2 . This sewing 
is done by fixing arbitrarily the phase ambiguity in the two punctures to be sewn (marking a 
point in the coordinate curves) and then sewing them according to the relation Z1Z2 = t, where 
the sewing parameter t takes all the values in the unit circle \t\ = 1, and where z\ and Z2 are 
the local coordinates around the punctures. It is clear that ni,ri2 > 1, since there must be at 
least one puncture in each surface in order to sew them together. When g = 0, both n\ and 
n2 must be greater or equal to three. The factor of 1/2 preceding this first object in the right 
hand side of the equation is necessary because every surface that this first object produces is 
actually produced twice. This follows from the above description, the sum double counts even 
when gi = g2, since then the splitting of the labeled punctures still works as if the surfaces 
were of different genus. 

The second term denotes the set of surfaces obtained by taking each surface in the set 
Vg-l,n+2, choosing arbitrarily two punctures, fixing marked points on the coordinate curves, 
and sewing the punctures via z\Z2 = t with t taking all values in the unit circle |t| = 1. 
This term only exists for g > 1. A factor of 1/2 is also necessary in this case. This happens 
because once more surfaces are produced twice. Say we label punctures 'one' and 'two' to be 
the punctures to be sewn. Any surface in the set V can be paired to another surface in the set 
which differs only by the interchange of labels on these two punctures (this is condition (b) in 
§5.1). Upon sewing, the original surface and its corresponding pair will produce the same sets 
of surfaces. 

Eqn.(5.1) applies for n > 3 when g = 0. This is equivalent to setting Vo, n = 0, for 
n — 0,1,2. It also applies for all V g , n when g > 1 with the exception of Vi,o (the one- loop 
cosmological constant). Note that for this case (g — l,n — 0), there are no candidate terms in 
the right hand side. Thus the vacuum vertex Vi ; o is not constrained by (5.1). All the higher 
vacuum vertices are. 

The equality of the sets requires that the surfaces agree both in their moduli parameters 
and in their local coordinates around the punctures. Both the right hand side and the left hand 
side are sets of equal dimensionality; the boundary operation subtracts one real dimension, 
and sewing adds one real dimension. The set V appearing in the left hand side (without the 
boundary operator) is of one complex dimension higher than that of the sets appearing on the 
right (without sewing). There are also signs in Eqn.(5.1) (these signs, and the symmetry factor, 
which were ommitted from the graphical representation in Refs. [7,5], will be included here). 
The boundary of V ff , n in the left-hand side is some subspace of M. g , n with an orientation on it. 
The orientation is induced by that of M- g , n - The same subspace with an opposite orientation 
would be accompanied by an opposite sign. For the terms in the right-hand side one should 
note that these correspond to Feynman diagrams built with one propagator in the limit when 
the propagator collapses. This is so because the usual propagator corresponds to sewing with 
parameter t in the region |t| < 1. One may therefore fix the orientation of the terms in 
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the right-hand side of Eqn. (5.1) by thinking of them as boundaries of the regions of M.g,n 
obtained with |t| < 1. Typically there are cancellations between terms in the right-hand side 
of Eqn. (5.1). This equation is an equation in the sense of homology, where we can add or 
subtract manifolds with a given orientation. 

The above equation follows if the string vertices V, generate a single cover of each moduli 
space M.g, n when used together with propagators (sewing with \t\ < 1) to build the relevant 
Feynman graphs. The basic statement in Eqn. (5.1) is that the vertex V ff>n and the Feynman 
graphs with one propagator cover regions lying on opposite sides of their common boundary. 
This explains why there is a minus sign in the right hand side of the equation. Denoting by 
Rj the region of moduli space covered by all the Feynman graphs constructed with I internal 
lines, the above equation can be written as 

dV g , n = -d p R h (5.2) 

where d p denotes a boundary obtained by propagator collapse (|t| = 1). If we have a single 
cover of moduli space, the full moduli space should be obtained by the union of all the regions 
covered by the various Feynman graphs 

Mg,n = V g , n U Rl U • • • U R3g^+n, (5.3) 

where (3g — 3 + n), the complex dimension of M.g,n, is also the maximum possible number of 
propagators. 

Equation (5.2) holds for the lowest dimensional moduli spaces, those corresponding to four 
punctured spheres and one-punctured tori. This happens because in these two cases Eqn. (5.3), 
which is the assumption of single cover, reduces to M. g , n = V 5)Tl Ui?i, since there are only graphs 
with one propagator. The absence of boundary of M. implies that dV = —0R\. Moreover, 
since the Feynman graphs use only three point vertices, which have no moduli, the boundary 
8R\ coincides with the propagator boundary d p R\. 

Equation (5.2) is established in general by induction [7] and we elaborate on the proof 
next. First note that any Feynman graph with / propagators covers some region of moduli 
space. This region can be parameterized by the propagator parameters and the parameters 
that specify the vertices V involved in this particular Feynman graph. For each choice of these 
parameters we get a specific surface, and different choices of parameters must correspond to 
different surfaces, for otherwise we would have multiple cover of moduli space. This implies that 
the boundary of the region of moduli space that we get from this Feynman graph corresponds 
to the boundary of the parameter space of the graph. Thus we can have either propagator 
boundaries, denoted by d p , when a propagator collapses, or vertex boundaries, d v , when some 
vertex used in the Feynman graph has its parameters lying on the boundary of the parameter 
space of that vertex. Thus, for the region of moduli space produced by any Feynman graph 
// with / propagators we can write 

dfi = d p fi + d v f h (5.4) 

and therefore, for Rj = ^ //, which is the total region of moduli space arising from Feynman 
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graphs with / propagators, a similar equation holds 

aRj = <9 pj R/ + d v R h (5.5) 

which says that the boundary of Ri is also of two types, boundaries that can be seen to arise 
from some graph on a propagator boundary, and boundaries that arise from some graph on a 
vertex boundary. Since M. g , n has no boundary, we then have 

dMg, n =0=dVg, n + d p R 1 

+ (d v Ri + d p R 2 ) + 

: (5.6) 

+ (dvRsg-4+n + dpRzg-Z+n) 

+ d v R3 g -3+ n 

We now claim that the induction hypothesis, namely that Eqn.(5.2) holds for any moduli space 
of dimension lower than that of Aig^ n , implies that 

d p Rj = -S^j-i, / > 2. (5.7) 

We will show this next. In the left hand side, whenever a propagator collapses, we can look at 
the vertices involved, these may be just one, if the propagator joins two legs of a single vertex, 
or two, if it joins two vertices. Call this the collapsed subdiagram. It is a subdiagram since the 
graph must have at least another propagator (I > 2). The collapsed subdiagram corresponds 
to some Ai g ' y n', where n' is the number of legs attached to the vertex (or vertices) without 
counting the legs involved with the collapsed propagator, and g' is the genus of the vertex (or 
sum of genera of the vertices). The dimensionality of M. g ^ n ' must be lower than that of Ai g ^ n , 
since the graph has additional parameters that those involved in the subdiagram (at least the 
parameters of the extra propagator). 

Consider then any given surface in d p Rj. The collapsed subdiagram is of the form d p f\, 
that is, a propagator boundary of some Feynman graph with one propagator. Consider now 
keeping fixed all the parameters of the graph that do not correspond to the subdiagram. This 
includes the parameters of the propagators joining into the subdiagram, or the parameters 
of propagators that may be joining two legs of the subdiagram; such propagators are not, in 
general, at their boundary values. Since using Feynman rules one must include all possible 
diagrams, it is clear that keeping these parameters fixed, we must find in d p Rj the diagram in 
question, with the collapsed subdiagram not only taking the value d p f\ but rather running over 
the whole set R\ associated with the moduli space M. g ^ n '- Therefore we can use the induction 
hypothesis, Eqn.(5.2) to replace the collapsed subdiagram d p R\ by a vertex —d v V g >^ n > at a 
vertex boundary. It should be noted that Eqn.(5.2), or its graphical representation in Eq.(5.1), 
can be used even if the n external states are actually not external (as is our case now), but 
are connected via sewing to other vertices. This is so because we can think of Eqn.(5.1) as 
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an equation relating surfaces with boundaries, given the control we have over the coordinate 
systems at the punctures. In this process we have obtained a diagram with one less propagator 
and with a vertex at a vertex boundary. This is just the statement of Eqn.(5.7). 

One now makes use of Eqn.(5.7) to cancel all pairs of terms in parenthesis in Eqn.(5.6). 
Moreover the last term vanishes since the corresponding Feynman graph is built with three 
point vertices only and those have no vertex boundary. It therefore follows that the first two 
terms in the right hand side of Eqn. (5.6) must add up to zero. This shows Eqn.(5.2) holds to 
next order in the dimensionality of moduli space, and therefore in general. 

Let us note the significance of the geometrical equation (5.1). This is a consistency condi- 
tion for sets of Riemann surfaces with local coordinates, and has nothing to do with a specific 
choice of conformal field theory, or string theory. As we will see later the existence of V fl>n 's 
satisfying this condition is the main geometrical input to the full off-shell field theory of closed 
strings. This equation encodes the Riemann surface aspect of string theory, to all orders in 
perturbation theory. Given that the existence of a set of string vertices satisfying the equation 
has such important consequences, it is essential to make sure such consistent string vertices 
exist. This will be the subject of section §6, where we will use minimal area metrics to find 
what appears to be the simplest possible solution of the consistency conditions. As it turns 
out a vertex is necessary for every moduli space. Our strategy will be to show that we have a 
single cover of moduli space when we choose suitable Vp >n 's. Therefore, as we discussed above, 
the string vertices will satisfy the consistency conditions. 

Equation (5.1) may describe some interesting algebraic structure on the space of Riemann 
surfaces, with the subsets V 5)Tl representing generators and the product operation being sewing. 
Our use of (5.1), however, will be based on the fact that it will help us define, in §7, a useful 
algebraic structure on string fields, that is, on the state space of conformal field theories. 

6. Minimal Area String Diagrams 

In the present section we will discuss the basic ideas concerning minimal area metrics. The 
main purpose is to determine a canonical set of string vertices V g ^ n that satisfy the consistency 
condition (5.1). Our analysis will be different from that of [8] in that we will not emphasize 
the relation to quadratic differentials. Using the results of Ranganathan [15], Wolf and the 
author [16] and some further results given here we will be able to give a characterization of the 
string vertices V g ^ n which is intuitively compelling, and far more concrete than any previous 
description. Moreover, we will show how to obtain the unique Feynman graph corresponding 
to any surface by inspection of its minimal area metric. 
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6.1. Properties of the Metric of Minimal Area 

A (conformal) metric p on a Riemann surface TZ defines a length element dl = p\dz\ and an 
area element p 2 dx A dy. Here p must be positive semi-definite, and since dl 2 = p 2 [dx 2 + dy 2 ), 
p 2 is recognized to be simply the Weyl factor of the metric. Whenever we talk about metrics 
on Riemann surfaces we refer to such conformal metrics. For any surface TZ we are interested 
in the metric of least possible area under the condition that all nontrivial closed curves on TZ 
be longer than or equal to 2tt [8]. This minimal area problem, in contrast with the related 
problems studied earlier in the mathematical literature (see [29]) does not require specifying 
some homotopy classes of curves on the Riemann surface on which we impose length conditions. 
The length conditions are imposed on all curves. This is why this is a problem defined on moduli 
space, and why the resulting metrics have nice factorization properties (= nice behavior on 
the compactifying divisor). A metric is called admissible if it satisfies the length condition 



I p\dz\ >2tt, (6.1) 



for all nontrivial closed curves 7 G TZ. A useful property of the space of admissible metrics is 
that it is a convex space; if po and pi are admissible metrics then 

pt = (l-t)p + tp 1 , (6.2) 

is an admissible metric for all £ G [0, 1], as it follows directly from the above two equations. 
The area functional A has a very nice property: it is strictly convex. This means that for the 
above one-parameter family of metrics, with po 7^ pi, one has 

A(p t ) < (1 - t)A(po) + tA(pi), (6.3) 

for t G (0,1). The inequality is strict since we do not include the endpoints £ = 0,1 corre- 
sponding to po an d pi- The above relation is quite familiar, and is derived using the Schwartz 
inequality. It simply means that the area, as a function of t, is convex (see Fig. 1). An imme- 
diate consequence of this fact is the uniqueness of the minimal area metric (if it exists). This 
is argued as follows. Assume there are two different metrics po and pi on the surface TZ, both 
admissible and both having the (same) least possible area A. It follows from convexity of the 
space of admissible metrics that pt (for any t G (0,1) ) as defined above is admissible, and due 
to the convexity of the area functional A{pt) < (1 — t)A + tA — A, in contradiction with the 
assumption that A was the least possible value for the area. The uniqueness of the minimal 
area metric is fundamental for our purposes. Another simple consequence of convexity of the 
area is that given two admissible metrics po and pi such that A(po) > A(p\), we then have 
A(p t ) < A(p ) for t G (0, 1) (see Fig. 1). 

A metric solving the minimal area problem is expected to give rise to closed geodesies of 
length 27r that foliate the surface completely. The reason for this was given in [5] and elaborated 
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in [16]: through every point where the metric is continuous there must exist nontrivial closed 
curves of length arbitrarily close to 2n, otherwise the metric could be lowered at this point 
without destroying admissability. While further discussion is necessary to prove the existence 
of a geodesic of length precisely 2ir, it seems clear intuitively that this curve must exist. One 
can show that such curves must foliate the surface since they cannot intersect whenever they 
are of the same homotopy type (see below). We shall call the length 2tt geodesies by the 
name saturating geodesies. They can be thought to describe the closed strings on the Riemann 
surface. We can actually go a long way towards understanding the properties of the minimal 
area metric by the use of the following Lemma, suggested to me by W. Thurston [42]. 

Lemma 6.1 . Two saturating geodesies that intersect at a point where the metric is smooth 
cannot intersect elsewhere. 

Proof . Consider two saturating geodesies C\ and Ci- By definition they are nontrivial simple 
closed curves of length 2-n . They may or may not be homotopic to each other. Pick the 
intersection point p\ where the metric is smooth, and assume there are more intersection 
points. Find another intersection point p2 in C\ such that there is a segment p\P2 in C\ 
containing no other intersection points. Denote this segment by a' and the remaining of C\ by 
a. The points pi,P2 also determine two segments on C2, they will be denoted as b' and b (see 
Fig.2). 

The symbols a, a', b, b' will denote both the segments and their lengths; a ~ b will mean 
that the two segments are homotopic, a{>, <, =}b will mean relations between their lengths. 
We have 

a + a' = 2vr, b + b' = 2vr, (6.4) 

We claim now that neither a nor a' can be homotopic to b or b'. Suppose a ~ b' , then we have 
that two new nontrivial closed curves: a' + b' ~ a' + a and b + a ~ b + b'. If b' < a then the 
curve a' + b' would be smaller than 2n. If, on the contrary a < b' then the curve b + a would 
be smaller than 2tt. Therefore a — b' , and the curves a + b' and b + a would be saturating 
geodesies. Their lengths, however, can be shortened at the point pi, where these geodesies 
have corners. This shows that a </■ b' . The other cases are entirely analogous. 

Given two open curves with identical endpoints which are not homotopic to each other, 
they define a nontrivial closed curve. Thus we must have four nontrivial closed curves giving 
the following conditions: 



(6.5) 



Adding pairs from the above equations and using (6.4) we then find that {a, a', b, b'} > 71, which 
implies that actually {a, a', b, b'} = n, and that the four curves above are saturating geodesies. 
Since they all have corners their lengths can all be reduced, and this is a contradiction to 
admissibility. This concludes our proof of the Lemma. □ 
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a ^ b 


-> a + b > 2tt, 


a^b' - 


-»• a + b' > 2tt, 


a </■ b - 


-»• a + b > 2tt, 


a </■ b — 


► a +b' > 2tt. 



Let us now consider Riemann spheres with punctures. Let us understand why the minimal 
area metrics here always arise from Jenkins-Strebel quadratic differentials. Since any saturating 
geodesic on a genus zero surface with punctures must cut the surface into two separate pieces, 
if two saturating geodesies cross they must do it at least in two points. The above lemma 
indicates that this cannot be a generic situation, thus we are led to expect that the surface will 
be foliated by bands of geodesies that do not intersect. This is precisely what happens with 
Jenkins-Strebel quadratic differentials, the horizontal trajectories of the quadratic differential 
are the saturating geodesies. The surface is then foliated by bands of geodesies, the so-called 
ring-domains of the quadratic differential. The horizontal trajectories can intersect in the 
critical graph of the quadratic differential, but this graph is of zero measure on the surface. 

It also becomes clear from the lemma that in higher genus Riemann surfaces one can 
very easily have saturating bands of geodesies that cross. This already happens at genus one, 
where curves along the "a-cycle" and "b-cycle" are both nontrivial and intersect only once. 
Thus higher genus minimal area metrics do not always arise from quadratic differentials. One 
concrete example showing such nontrivial crossing of foliations was given in [16]. 

6.2. Results and Open Questions in Minimal Area Metrics 

Let us try to make clear what we still do not know about minimal area metrics. Still 
missing is a proof of existence of such metrics. The evidence in favor of existence is very 
strong; the minimal area metrics are known for all Riemann spheres and for large subsets of 
the higher genus moduli spaces (the restricted Feynman graphs of Ref. [8]). We now have 
even examples of minimal area metrics that do not arise from quadratic differentials [16]. 
Still an abstract proof of existence is not available yet. Another important property is that 
of completeness of the minimal area metric. This has to do with the presence of punctures; 
since curves surrounding punctures must also be longer than or equal to 2-k, we expect that 
neighborhoods of the punctures must look like tubes going off to infinity. Thus we expect 
that any curve reaching the puncture would be of infinite length. This is the statement of 
completeness of the metric. It is simple to convince oneself that an incomplete metric is 
innefficient as far as minimizing area, but a proof of completeness is not available yet. Finally, 
we need smoothness of the minimal area metric in some neighborhood of each puncture. Again, 
it is simple to convince oneself that discontinuous metrics are inefficient, but a proof is required. 
In summary, we have the following assumption 

Assumption. We assume the existence of a complete minimal area metric smooth in some 
neighborhood of each puncture. 

At the present time we can prove, with the above assumption, that the minimal area 
metrics have the requisite conditions to define the string diagrams of covariant closed string 
field theory. The requisite conditions were essentially those of flatness and amputation [5]. 

Flatness requires that there should exist a neighborhood of the punctures that it isometric 
to a flat semiinfinite cylinder of circumference 2ir. This is established by showing first that 
completeness and smoothness implies that there must exist a neighborhood of each puncture 
which is foliated by a single band of geodesies, all homotopic to the puncture (Lemma 2.1 [16]). 
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Then one uses the result of Ranganathan [15], that in a region foliated by a single homotopy 
type of geodesies the metric is flat. A similar result was established in [16] where it was also 
shown that the neighborhood is isometric to a flat semiinfinite cylinder of circumference 27r. 

The basic tool for the proof of flatness in [16] was a lemma showing how to construct 
local deformations of admissible metrics. One begins with a metric po smooth over a domain 
foliated by (posibly several bands of) saturating geodesies and perturbs it into po + th where h 
is a smooth metric with compact support in the domain and such that no saturating geodesic 
becomes smaller than 2n in the new metric. The new metric is not yet admissible, since the 
old saturating geodesies, which are still fine, may not be the shortest curves in the new metric. 
One can show that the addition of an e 2 term to the perturbed metric restores admissibility. 
This means there is a constant K such that the metric p e = po + eh + e 2 Kx, where x = Po over 
a compact domain, is admissible. The useful consequence is that the derivative with respect 
to e of the area of the metric p e is simply controlled by the sign of J poh. In order to show 
a metric is not of minimal area one must find a suitable h which makes the above integral 
negative, which implies that for sufficiently small e the new admissible metric p e has less area. 

The flatness property implies that the minimal area metric defines a canonical domain 
around each puncture. The metric must cease to look like a flat semiinfinite cylinder at some 
point. We define the curve Cq to be the boundary of the maximal region foliated only by 
geodesies homotopic to the puncture. We let C\ be the saturating geodesic in the cylinder a 
distance / away from Cq. The maximal region is a canonical domain which will be used to 
define the local coordinates around the punctures (see Fig. 3 (a)). 

The amputation property (Fig. 3 (b)) states that given a minimal area metric on a surface 
TZ with punctures, amputation of a semiinfinite cylinder along the curve C\ for I > yields a 
surface with boundary whose minimal area metric (under the assumption that it be smooth 
in a neighborhood of the boundary) is simply the one induced by the original metric in the 
surface 1Z (see [16], Thm. 5.1). This property is essential to show that the plumbing of surfaces 
with minimal area metrics gives a surface with a minimal area metric [5,16]. The basic idea is 
simple, given two surfaces to be sewn together (or a single surface with two legs to be sewn), 
one first amputates the semiinfinite cylinders corresponding to the relevant legs. Given the 
amputation property the resulting surfaces with boundaries have minimal area metrics. If we 
glue together the open boundaries and by doing this we do not create closed curves that are 
smaller than 2tt (this is the reason for stubs, as we will see) then the resulting surface inherits 
a minimal area metric. This is so because any candidate metric with less area would have 
to have less area in at least one of the surfaces that were glued, but this is impossible given 
that the amputated surfaces have minimal area metrics. The reader interested in a rigorous 
argument should consult Ref. [16]. 



(i: J > 



6.3. Heights of Foliations and Cutting 

We need a couple of additional results in order to give a simple characterization of the 
string vertices V g , n - It is convenient to define the height of a foliation. Consider a band of 
saturating geodesies that make up a foliation. Such a band corresponds to an annulus, and 
this annulus has two boundaries. Consider the set T of all open curves 7 totally contained in 
the annulus and whose endpoints lie on the two boundary components. We define the height 
h of the foliation to be h = mil p ('~f ). The height is essentially the shortest distance, along the 

annulus, between the two boundary components. We can now show that 

Lemma 6.3 . A foliation F with a smooth metric and with height h greater than 2-7T is isometric 
to a flat cylinder of circumference 2n and height h. 

Proof . Denote the saturating geodesies that foliate the annulus F by 7y. We first claim that 
there cannot be another saturating geodesic 7^ different from the 7y geodesies going through 
the interior of F . Suppose 73 is in the same homotopy type as the 7y geodesies, but does not 
coincide with any 7^ geodesic. Then pick a point p G 73 such that p G F, and consider the 
saturating geodesic 7/(p) going through p. Since the metric is smooth at p, and 7$ and 7/(p), 
being homotopic, must intersect elsewhere this is in contradiction with Lemma 6.1. If 7$ is in 
some other homotopy class it cannot be completely contained in the interior of F (the curves 
going around the annulus more than once are longer than or equal to An) . It is also clear that 
7j cannot intersect any boundary of F more than once, since in that case, there would be 7j 
curves intersecting 7, at more than one point (simply pick a 7j curve sufficiently close to the 
boundary in question). Therefore 7$ must intersect each boundary once and only once. As a 
consequence a subcurve of 73 is totally contained in F and goes from one boundary component 
to the other. This subcurve, by definition must be longer than or equal to the height h of F. 
Since we assumed h > 2-7T, the subcurve is too long and 7$ cannot be a saturating geodesic. 
Since there are no other saturating geodesies within F the arguments of Refs. [15,16] apply and 
imply that the metric is flat, and isometric to that of a finite cylinder, which must therefore 
be of height h. D 

We now need to establish a slight variation of the amputation theorem. This is a "cutting 
theorem", and applies to internal annuli. While most of the proof is analogous to that of 
amputation in [16] there are some differences in the analysis of curves, so we give the proof 
below. Our later arguments will only use the statement of the theorem, therefore the proof, 
which is not so straightforward, may be skipped by the reader only interested in the general 
arguments. 

Theorem 6.3 . (Cutting Theorem) Consider a Riemann surface TZ with a minimal area metric 
po and a foliation F of height 2n + 2S with 5 > 0. Let C be the middle geodesic in F and let 1Z C 
denote the cut surface (or surfaces) obtained by cutting 1Z along C. Assume the cut surface(s) 



• The two geodesies cannot be paralell at p since they would have to coincide elsewhere, given that the 
metric is smooth at p. 

64 



1Z C has a minimal area metric p continuous in a neighborhood of the boundaries created by 
cutting. Then p is the restriction of po to 1Z C . 

Proof . The general setup for the proof is given in Fig. 4, where we show the surface 1Z with 
the foliation F. This foliation defines an annulus, which must be isometric to a flat cylinder 
of circumference 2tt and height h = 2ir + 25 (Lemma 6.3). We will use the canonical flat 
coordinates on this cylinder where the original minimal area metric po = 1. When the surface 
is cut along the curve C, it may result in two surfaces or in one surface. The proof below does 
not distinguish these two possibilities and we will simple denote the cut surface by 7Z C . 

Since every nontrivial closed curve in 1Z C is actually a nontrivial closed curve in 1Z, it 
follows that the restriction to 1Z C of po is an admissible metric on 7Z C . We just have to show 
it is of minimal area. Assume there is a metric pi admissible in 1Z C , continuous near the 
boundaries produced by the cutting procedure, and with less area than po- Form now the 
metric 

p e = (1 -e)p + epi, (6.6) 

which is admissible due to linearity, and it has lower area than po by convexity. One has 

A(p e ) = A( P0 )-ke + k'e 2 , (6.7) 

where k,k' > are constants (independent of e). 

The idea, as in [16] is to see how close is p e to be an admissible metric on the original 
surface 1Z. If p e were admissible on 1Z we would be done since we would have a contradiction 
with the fact that po is supposed to be the minimal area metric on 1Z. 

Let C and C r denote the boundaries of the foliation F, as indicated in the figure. Consider 
now the metric p e on 1Z. The closed curves that do not touch C must be long enough since 
they are still nontrivial closed curves on 1Z C . Consider now curves that touch C. They may be 
completely contained in F or may not be completely contained in F. Consider the second case 
first; such curves either intersect C l , C or both. Suppose 7 intersects C l only, then 7 must 
travel twice across the foliation F\ and therefore using (6.6) we find 

W7) > (1 - e)W7) > (1 - e )( 2 ^ + 25), (6.8) 

and choosing e < n/5 such curves are clearly long enough. If 7 intersects both C and C r its 
po-length must also exceed (2-7T + 5) and therefore the same argument applies. 

We now come to the curves that do not work automatically. These are the curves that 
cross C and are completely contained in the foliation F. Consider such a curve 7, we will show 
now how to give a lower bound for its length. Consider now a subfoliation M of F of height 



f If it were not it would have to bound a disk D in 1Z. Since D cannot be fully contained in 1Z C (otherwise 
the curve would be trivial in 1Z C ) D must either intersect the cutting curve C or contain it completely. 
Both possibilities are impossible, the first because the original curve did not intersect C, and the second 
because C is a nontrivial closed curve and therefore cannot be inside a disk. 

65 



2c 1 / 4 symmetrically centered around C (as shown in part (b) of Fig. 4). We define the constant 
K via 

1 + X = suppi, (6.9) 

M 

where p\ is evaluated in the canonical coordinates defined by po- The constant K cannot be 
negative, because otherwise it would mean that p\ < 1 throughout N and the p\ could not 
be admissible. We will therefore consider only K > and bounded (since we assumed the 
minimal area metric is continuous in some neighborhood of the boundary). 

Let us now show that for curves 7 completely contained in the foliation F one must have 
Ipiil) > 27r(l — K). (Recall that on the surface 1Z the metric p\ is possibly discontinuous 
across C.) Consider a curve 7, its intersections with C divide the curve into segments. Let 
Hi and bi denote the pieces of 7 on Fi and on F r respectively. Moreover, let a>{ and hi denote 
the segments on C homotopic to ~a% and hi respectively. We now have two nontrivial closed 
curves in addition to 7, the first is obtained joining the Hi segments to the hi segments, and 
the second joining the hi segments with the cti segments. Both curves are nontrivial curves on 
1Z C (since they are homotopic to the boundary C), and therefore admissibility of pi gives the 
following conditions 

* - (6-10) 

J2[ 1 pM+1 Pi M)]>2tt, 

i 

where p\\ and p\ r denote the metric p\ restricted to F\ and F r respectively. We therefore 
obtain 

E [W 5 *) + hM] > 4vr - J2 [WK) + ipAk)] (6.11) 



and therefore 



l p Al) > 4vr - max £ [/ pir (a 4 ) + l pu (k)] . (6.12) 



(6.13) 



From the definition of K we have that 

l pir (ai) < (l + K)l Po (ai), 
l pil (bi)<(l+K)l po (bi), 

and therefore 

E(W(«*) + tpu(k)) < (1 + K) J2(l P o(*i) + tpo(Pi)) = (1 + ^)2vr, (6.14) 

i i 

Back in (6.12) we obtain l pi { , y) > 47r — (1 + K)2tv = 2ir(l — K) as we wanted to show. This is 
a powerful result since it tells how small a curve can get by using cleverly the discontinuity of 
the metric p\ across C. Note that in order to have good control, the metric p e weights in p\ 
weakly. 
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We can now reduce the space of curves that are problematic. Consider the subfoliation 
A/ 7 of F, which is of height 2e 1 ' 3 . Note that J\f' C A/". We now claim that for e sufficiently 
small all curves crossing C and extending beyond A/ 7 are good. The reason is that such 
curves extend at least a distance e 1 ' 3 in the foliation and therefore their po-lengths satisfy 
lp ("f) > 27Ta/1 + e 2 / 3 /7r 2 (Lemma 5.1 of [16]). It is then possible to show (see Eqns. (5.20- 
5.23) of [16]) that for sufficiently small e one has l P Xl) > 2tt. Therefore the only problematic 
curves are the ones completely contained in A/ - '. Following [16] one introduces a new metric 
Pe > Pe everywhere such that the remaining problematic curves now work; p' e is admissible. 
The area of p' e differs from that of p e by terms of order e x with x > 1 an d therefore (6.7) 
implies that for sufficiently small e the area of p' t is lower than that of po (the interested reader 
should consult [16] for details). This is the contradiction that completes our proof of theorem 
6.3. □ 

6.4. Towards a Concrete Description of All String Vertices 

We have a very explicit description of the minimal area metrics for genus zero, and of the 
string vertices for genus zero; these are simply given by the restricted polyhedra [1,2]. The 
polyhedra represent the critical graphs of a Jenkins-Strebel (JS) quadratic differential. For any 
surface, with at least one puncture, one can find a unique JS quadratic differential with second 
order poles at the punctures, all of equal (real and negative) residue, and with a number of 
ring domains equal to the number of punctures of the surface. This simply means that any 
surface with n punctures can be constructed by gluing together the open boundaries of n- 
semiinfinite cylinders of circumference 2-ir in a unique way. The pattern of gluing is encoded 
on the 'polyhedron' of the surface, which is the critical graph of the quadratic differential. 
Thus any surface has an associated polyhedron. The metric induced on the surface by the 
quadratic differential (p = \<f)(z)\ 1 ' 2 , where (p(z)dz 2 is the quadratic differential) is flat except 
at isolated points with negative curvature singularities. The main result of Refs.[l,2] was that 
the string vertices Vo,n are given by the surfaces whose polyhedron is a restricted polyhedron, 
that is, a polyhedron such that all of its nontrivial closed paths are larger than or equal to 
27r. Such vertices were shown to give a single cover of the moduli spaces A4o,n relevant to the 
classical theory [2,8]. 

No such concrete description is available yet for higher genus, basically because we do not 
know completely what type of curvature singularities the higher genus metrics have. A fairly 
concrete description is possible, however, in terms of the structure of the foliations by geodesies 
that we expect to exist. The basic result indicating how complicated the pattern of foliations 
can be was given in Lemma 6.1. An interesting counting problem would be to determine 
which is the maximum number of foliations that can go through a point in a surface of genus 
g and with n punctures. This would require counting the maximum number of simple closed 
Jordan curves of different homotopy all of which have a single common point p and intersect 
nowhere else. We expect the different patterns of foliations as we move in M. g , n to correspond 



• The reader who is not familiar with quadratic differentials may consult Rcfs. [29,1,8,45]. 

67 



to different "cells" in a decomposition of the moduli space. We will not try to elaborate on 
this point at present. Instead we claim that a description of the string vertices can be given 
as follows: 

The String Vertex V 5 , n - Consider a Riemann surface 1Z of genus g > and n > punctures 
(n > 3 for g = 0) equipped with the metric of minimal area. Then, 1Z G Vg,n if and only if 
the heights of all internal foliations are less than or equal to 2tt. If 1Z is in V g ^ n the coordinate 
curves are defined to be the C % curves around each puncture. 

In the above, internal foliation refers to a foliation that does not correspond to a punctured 
disk, namely, it is not one of the semiinfinite foliations around the punctures. An internal 
foliation defines an internal annulus. We have placed the coordinate curves leaving stubs 
of length ir for each puncture. This is necessary in order to make sure that the plumbing 
procedure produces candidate metrics; if we had no stubs the plumbing of two punctures on a 
single surface with a propagator of small length could introduce curves shorter than 2n ruining 
the construction. While the stubs are not necessary for the classical theory, the quantum 
theory requires them and we must therefore use them here. 

This actually means that the Vo, n 's determined by this rule do not agree with the restricted 
polyhedra! This is actually good, for it was clear all along that the restricted polyhedra were 
problematic at the loop level. We will elaborate on this point in the next subsection. At any 
rate it is nice that a simple generalization of the restricted polyhedra gives a correct description 
of all string vertices. 

Let us verify briefly that this definition for the string vertices satisfies conditions (a),(b), 
and (c) required in §5.1. Condition (a) is clearly satisfied since the disks determined by 
the coordinate curves cannot ever intersect. The string vertices are not of the overlap type. 
Condition (b), that the assignment of local coordinates be independent of the labelling of the 
punctures is also manifest; the minimal area metric does not depend on the labels we assign 
to the punctures, and therefore the coordinate curves do not either. Condition (c), that the 
local coordinates in mirror pairs be related by the antiholomorphic map between the surfaces, 
is slightly less trivial. We claim that given a mirror pair TZ and 7Z*, the minimal area metrics 
on these surfaces must be precisely related by the antiholomorphic map. First note that given 
an admissible metric on 1Z the map gives us an admissible metric on 7Z*, and viceversa. This 
shows that the minimal area metrics on TZ and 7Z* must have the same area. Uniqueness 
of the minimal area metric then implies that the metrics are related by the map. Since the 
map takes geodesies to geodesies, it must, in particular take the coordinate curves on one 
surface to the coordinate curves on the other, since these are determined by the last saturating 
geodesies homotopic to the punctures. Thus the coordinate disks, and as a consequence, the 
local coordinates are mapped into each other by the antiholomorphic map relating the mirror 
pair. 

The case of the one-loop vacuum graph is special. Suppose, as usual, that we build tori 
using length T cylinders of circumference 2ir, and gluing together the boundaries with a twist 
angle 9. If we do this for all values of T and 9 (— it < 9 < it) such that all closed curves 
on the resulting torus are longer than or equal to 2ir, this will produce exactly one copy of 
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the fundamental domain [8]. This happens because r = (iT + 9)/2ir, and the length l c of the 
closed geodesies along the tube is l c = 27r\/T 2 + 9 2 . Then, l c > 2n implies that \t\ > 1 (the 
condition on 9 gives the standard condition on the real part of r). In this construction we have 
a single foliation, and its height is the length T of the cylinder we started with. The definition 
of the string vertices, applied to Vi ; o would imply that this vertex is not zero; it includes all 
the tori built with cylinders of length T < 2tt (and having some nonzero twist angle). This 
result, from the viewpoint of Feynman rules, would only seem to make sense if we use a cutoff 
propagator. Using such cutoff propagator is exactly the same as using stubs, except for this 
vacuum vertex (more on this in §6.5). In the cutoff propagator picture the string vertices are 
the same as in our definition above, with the difference that the coordinate curves would be 
the Cq curves. While we will use the stubbed vertices viewpoint in this paper, we should keep 
in mind that the alternative viewpoint could turn out to be relevant. 

Reconstructing Feynman Graphs. Before checking that the above is the correct string vertex 
let us show how to reconstruct the Feynman graph associated to a surface from the knowledge 
of its minimal area metric. Given a surface TZ with a minimal area metric first consider the 
semiinfinite foliations. They correspond to the external legs of the diagram. Then consider 
the foliations of height bigger than 2tt. If there are none, then the surface is an elementary 
interaction Vp jTl , where n > is the number of infinite height foliations, and g is the genus of 
the surface. The foliations of height greater than 2it, which must be flat cylinders, give rise 
to the propagators. On each such cylinder mark two closed geodesies, each a distance 7r from 
each boundary of the cylinder. Mark one curve on each semiinfinite foliation, a distance 7r 
from its boundary. Cut the string diagram open along all these curves. The surface breaks 
up into a number of semi-infinite cylinders, the external legs, a number of finite cylinders, the 
propagators, and a number of surfaces with boundaries, that correspond to the elementary 
interactions. Each elementary interaction corresponds to an element of the set V g , n where g is 
the genus of the surface with boundary and n is the number of boundaries. This defines in a 
unique way the Feynman graph associated to the surface. In a similar way, a Feynman graph 
determines a unique minimal area metric; given the data associated to the propagators and 
the vertices V used, we can build the surface. It follows that two different Feynman graphs 
must built surfaces with different patterns of foliations, and therefore different metrics. 

Consistency of the Choice of V 3>n - Let us now return to the problem of verifying the consis- 
tency of our ansatz for the string vertices. Two things must be checked. First, no surface in 
V must be produced by sewing. This is clear since due to the stubs of length it present in 
every vertex, sewing creates foliations of height greater than or equal to 2n. When the height 
is greater than 2-7T the surface is clearly not in V (by definition), when the height is equal to 
2n we have the case when the boundary of the set V coincides with the collapsed propagator 
boundary of the sewing domain. The uniqueness of the metric of minimal area plus the com- 
patibility of sewing with minimal area implies that the metrics agree in this boundary, and so 
do the coordinate curves, as a consequence. The second point that must be checked is that all 
surfaces which are not in V are produced by sewing, and produced only once. The first part is 
clear because for surfaces not in V there is at least one foliation whose height is greater than 
2n. By the cutting theorem we can cut all the foliations open and obtain a surface(s) with 
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minimal area metric(s). Restoring the semiinfinite cylinders around all boundaries one obtains 
the Riemann surface(s) whose plumbing gives us the original surface. Finally, no surface could 
have been produced more than once, since different Feynman diagrams correspond to differ- 
ent metrics, which by uniqueness of the minimal area metric, cannot correspond to the same 
Riemann surface. 

This concludes our proof that V is indeed the string vertex. Since we have established that 
the V's generate a single cover of all relevant moduli spaces, it follows, by the arguments in §5 
that they satisfy the recursion relations (5.1). 

It is important to note, for our applications in §9 that our arguments hold also for string 
vertices defined by the condition that all internal foliations be of height less than or equal to 
21, where / is any length satisfying I > ir. In this case the coordinate curves defined by C\ 
with / > 7i. This means that the stubs are now of lenght I. We therefore have generated a one 
parameter family of consistent string vertices. Thinking of the stub length as a ultraviolet cutoff 
parameter the basic identity (5.1) can be shown to imply a renormalization group equation for 
string field theory [43,44]. 

6.5. Rearranging the Classical Theory 

Consider the classical theory, that is restrict to the set of vertices V 5= o,n, with n > 3. The 
consistency condition for such vertices does not involve the second term in the right hand side 
of the recursion relation (5.1). Given such vertices one can construct a classical field theory 
that has a 'BRST' invariance and a gauge invariance. One can show that under the condition 
of symmetry (condition (b) in §5.1) there is no solution with only a three- vertex and no higher 
vertices [46]. The simplest known solution is given by the restricted polyhedra described in 
the previous subsection. 

Let us see what is the problem in trying to extend this to loops. If the classical vertices 
were sufficient we should be able to see that the remaining consistency conditions are satisfied. 
Actually, if we could show that all the vertices Vi jH at genus one vanished, then all the higher 
ones would vanish too. Let us look at the simplest vertex, namely Vi,i. The consistency 
condition requires that <9Vi,i = —Ri(loop) = where R\(loop) is the set of surfaces obtained 
sewing two of the legs of the three string vertex. This set of surfaces does not vanish when 
we use the naive three string vertex. In fact the set of surfaces we get corresponds to noded 
surfaces! This happens because the naive closed string vertex is an overlap, and is just another 
manifestation of the fact that the three-vertex together with the standard propagator does 
not give the correct one loop tadpole [45,47]. The same problem would take place for all the 
vertices Vi, n since in the right hand side of the consistency equation we would find a classical 
vertex with two legs identified, and since all classical vertices are overlaps this is bound to 
introduce degenerate surfaces. Let us therefore deform the original vertices in order to obtain 
sensible ones by using two simple steps discussed in [7] and [5]. This procedure, applied to the 
original classical vertices, which give problems at loops, gives us the string vertices V discussed 
in the previous section. 
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Imagine we begin with a set of Feynman rules such that the propagator involves tubes with 
length I such that / > Iq. Moreover assume the vertices have legs all of which are of length a, 
for example, overlap vertices but with cylindrical stubs of length a included. Note that when 
two vertices are joined by a propagator, the intermediate tube has total length, including stubs, 
/ > 2a + Iq. Suppose we want to change the propagator so that it includes lengths I > 1+ > Iq. 
If we now join vertices, the intermediate tubes will have lengths / > la + l + , and therefore 
we are going to miss some surfaces. One can compensate by changing the stub length a, one 
amputates them, by an amount which is half the difference between /+ and Iq. Since any 
intermediate line includes twice the stub length, this will restore the missing surfaces. In the 
same way, if Iq is changed into Z_, which is smaller than Iq, the intermediate lines become too 
short, and this is compensated by increasing the length of every stub by half the difference 
between Iq and /_. This latter operation is always possible since we can always add stubs to 
the vertices. The former operation cannot always be done since we cannot remove lengths 
greater than a to the stubs. 

In fact, the first step we must do is of the problematic type. We begin with propagators 
that go from zero to infinity and with contact type vertices (zero length stubs). We want to 
change the propagator to include only I > Iq > 0. In the above procedure this would involve 
amputating stubs, which is not possible. The solution was given in [7]. One leaves the three- 
point vertex as it is. Then in calculating four point amplitudes we would miss the Feynman 
graphs involving two three-point vertices and an intermediate tube of length less than Iq. We 
then define these Feynman graphs to be an extra contribution to the original four-point vertex. 
This procedure can be continued. The general answer given in [7] is that at any order the new 
vertices are given by the old ones plus all the Feynman graphs built with the lower point 
original vertices and all intermediate tubes of length less than Iq. This is the first step. 

The second step consists of restoring the original propagator. As discussed above this 
is never a problem and it is done simply by adding stubs of length Iq/2 to every one of the 
vertices (including the three-point vertex) obtained by step one. In this way we have obtained 
a new solution of (5.1). If we begin with classical overlap vertices, we obtain classical vertices 
that are not overlaps. In building up the full solution to higher genus by using minimal area, 
it is convenient to take Iq = 2n. Thus the rearranged classical vertices will have cylindrical 
stubs of length n, and we have recovered the result of the previous subsection. The vertex 
Vo,4, for example does not only include the restricted tetrahedra (with stubs) but also string 
diagrams built with two (unstubbed) three string vertices and a propagator of length less than 
2-7T joining them. 
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7. Construction of the String Field Interactions 

In the present section we use the geometrical structures of §5 and §6 to construct the string 
field products, and the string field vertices, or multilinear functions. The main input is the set 
of string vertices V s , n . Since such vertices correspond to subsets of the moduli spaces M. g , n 
we will have to concern ourselves with integration. As we will see, we want to integrate over a 
section of a certain bundle V over moduli space (the integrand is not defined on moduli space 
because we work off-shell). Our first step will be to understand the various spaces involved. 
Then we show how a tangent representing a deformation of a surface with local coordinates, 
can be constructed concretely with a Schiffer variation. Such variations are done with vector 
fields on the surface, and these vector fields are relevant to define the antighost insertions. We 
define a family of forms of different degree on V, all labeled by a set of state vectors of the 
conformal field theory. These forms are proven to be well defined if the state vectors satisfy 
the subsidiary conditions b^ = Lq = 0. We then show that the BRST operator acts as an 
exterior derivative on the above forms. We define the string field multilinear functions and 
multilinear producs, and establish some of their properties. Much of the technology necessary 
for us has been presented earlier in Refs. [36,37], where closely related issues were studied. 

7.1. The Schiffer Variation 

Our basic data are Riemann surfaces with punctures and with a canonical set of local 
coordinates around the punctures. As usual the surfaces are considered as points of Ai g ^ n , and 
the space of surfaces with local coordinates at the punctures is denoted as V g , n - This may be 
called the space of decorated surfaces. Thus a surface with local coordinates, or a decorated 
surface, represents a point in V g , n - The space V g , n is infinite dimensional, since the space of 
local coordinates at a point is infinite dimensional. We are interested in forming a coset space 
T^g,n = ^g,n/ ~, where ~ indicates that two identical punctured surfaces, with local coordinate 
systems that differ by a constant phase around each puncture should be identified. The space 
V g , n is still infinite dimensional. Recall, from the discussion in §5 that local coordinates are 
defined by "coordinate curves", Jordan closed curves homotopic to the punctures, with a 
marked point on them. The curves correspond to the locus \z\ = 1, and the marked point is 
z = 1, with z the local coordinate. The space P ff>n corresponds to the space of surfaces with 
these marked coordinate curves. The space V g , n is simply the space of surfaces with unmarked 
coordinate curves. 

Given a point in V g , n there is an obvious projection n' to V g , n , namely the point is mapped 
to the coset where it belongs, in other words we forget about the marked point on the coordinate 
curves. There is another projection 7r from V g ^ n to M. g ,n consisting of forgetting about the local 
coordinates. Finally there is a projection from M. g , n to M. g ,o which simply means forgetting 
about the punctures. In §5 we actually gave a map a from M. g , n to V g , n since we found a 
way to define canonical local coordinates (up to phases) on any punctured Riemann surface 
using minimal area metrics. The local coordinates are defined in terms of the maximal domain 
foliated by geodesies homotopic to the punctures. We summarize the above information in the 
following diagram 
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^9,n 



^9,n 



a * (7.1) 



Mg,n 



Mgfi 

The map a, defines a canonical section in Vg, n - Clearly (n o <j) is the identity map on the 
space M g , n - 

We must understand the various tangent spaces appearing here. Consider a point P G 
Vg^ n corresponding to a decorated surface. Let P = 7r'(P) G V g , n denote the corresponding 
equivalence class, P = tt(P) G M. g , n denote the underlying punctured surface and P = f(P) G 
M. g ,Q denote the underlying surface. Let us introduce the following notation: 

V 1 ,V 2 ,---eT P (V g , n ), 
V h V 2 ,---eT p (Vg, n ), 
V h V 2r --eT p (M g , n ), 
V h V 2 ,---eTp(Mg fl ). 

The tangent vectors in Tp(Ai g fi) correspond to changes in moduli of the unpunctured 
surface P. The tangent vectors in Tp(M. g ^ n ) include the deformations that change the positions 

of the punctures and the underlying moduli of the punctured surface P. The tangent vectors in 
Tp(Vg, n ) include the possibility of changing the unmarked coordinate curves (changing the local 
coordinates by more than a phase) in addition to changing the positions of the punctures and 
the underlying moduli of P. Finally the tangent vectors in Tp(Vg jn ) correspond to all possible 
deformations of the marked coordinate curves, changes in the positions of the punctures and 
changes in the underlying moduli of P. 

The projections between the various spaces in (7.1) induce obvious projections between the 
respective tangent spaces. The projections can map many vectors to the same one, due to the 
existence of "vertical" vectors, which are those that project to zero. They are the following; in 
T(Vg, n ), the vectors that only change the marked points on the coordinate curves; in T(Vg, n ) 
the vectors that only change the unmarked coordinate curves; and in T(Ai g ^ n ) the vectors that 



• Technically speaking V g _ n is a principal fiber bundle with base space M. g>n , projection (it o 7r'), and 
with fiber F the possible local coordinates, which is just the topological group G of maps of the form 

Z — ► J2n=l a ™- 2 ™ witn ( ai 7^ 0). 
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only change the positions of the punctures. Such vectors are the ones that change precisely 
the data that is forgotten by the projection maps. 

Our concrete objective is to understand how given a decorated surface P E P 5>n we can im- 
plement concretely on the surface the variations that correspond to the tangent space T-p(Vg jn )- 
The appropriate tool is the Schiffer variation [48,49,50], which uses vector fields on the surface 
to generate the changes in data. The main ideas have been summarized in the physics litera- 
ture in [36,37]. Let P correspond to the punctured surface 1Z, with punctures pi,P2, • • -Pn an d 
coordinate curves 71, 72 • • • 7n- We are now given an n-tuple of vector fields 

v = ( u ( 1 ), u ( 2 ),... «(")), (7.3) 

where the vector v^ 1 ' is a holomorphic vector defined (a priori only) in an annular neighborhood 
of the coordinate curve 7$ surrounding the puncture pi and defining the disk Di (some of the 
vectors v^' may be zero). One defines, for each of the punctures the maps 

Zi ^> 4 = Zi + ev®(zi) (7.4) 

which for sufficiently small e map the coordinate curves 73 into simple closed Jordan curves 
7 z e . The new surface 1Z' is constructed by gluing the interior of 7^ (the domains which include 
the respective punctures) to the exterior of 7$, for each puncture: 

^={^Int( 7 D}u{^-^A}. (7.5) 

i i 

This gluing is done by identifying points as follows. Let p be a point on the boundary of 
1Z — Y^ Di, and p' be a point on the boundary of the new disk defined by 7?. We identify the 
two points 

p E 7? < ► p' E 7j £ when z'^p) = Zi(p'). (7.6) 

More explicitly, we remove the disk defined by the coordinate curve, namely the \z{\ = 1 disk 
Di and map its boundary into a curve in the z\ plane defining a new disk D\. It is crucial to 
note that while we are only mapping the boundary, this defines a new disk. Any two punctured 
disks are conformally equivalent, but here we have two disks whose boundaries are mapped 
into each other in a prescribed analytic way. Under this condition it is not clear that this map 
extends to the complete disks. We then glue the disks D^ back into 1Z — ^ Di. This gives us 
the new surface. Intuitively it is very clear what the variation is doing, it leaves 1Z — ^ Di 
unchanged but is sticking new disks back (this is the reason for the term "Schiffer's interior 
variation"). 

We now need to understand what happens to the punctures and the local coordinates. 
The new local coordinates are simply the z[ coordinates. This is a well defined coordinate in 
the new disk D\. The new puncture p\ is located at the origin of the new coordinate system, 
namely at z\ = 0. Since the vectors v^' do not necessarily extend holomorphically inside the 
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disk, there is no other sensible alternative for the new coordinates or new puncture. It should 
be emphasized that the new canonical coordinates are simply the z\ coordinates and therefore 
the boundary of the disk D^ does not coincide with the new coordinate curves. Those are now 
the \zj\ = 1 curves. An alternative way to get the new coordinate curves directly would be 
to do the Schiffer variation with curves % chosen such that under the variation |^(7i)| = 1. 
Then the new coordinate curves are simply the % curves, which correspond to the boundaries 
of the amputated surface 7Z — J^Di. 

The curve we use to do the Schiffer variation can be changed. We can begin with another 
curve homotopic to the original curve and the resulting surface is identical as long as one 
curve can be deformed into the other one without encountering singularities of the vector field. 
Suppose we have a curve 7 defining a punctured disk D with puncture p and a vector field v 
that has a singularity inside D at some point q 7^ p and possibly a singularity at p. Then by 
contour deformation the original variation using 7 is equivalent to doing two variations, one 
with a contour enclosing q and not p, and another with a contour enclosing p but not q. This 
means that the most general situation we need to consider is really that of a Schiffer variation 
with a vector field that inside the countour may become singular only at the puncture. 

7.2. Using the Schiffer Variation to Generate a Tangent 

Let us begin by discussing the conditions under which data do not change. Suppose all 
the mappings z\ — > z\ extend holomorphically to the interior of the disks, namely all v^ l > are 
holomorphic in D{. Then the disks D{ and D^ are completely equivalent and when reinserted 
back, if we forget the punctures, the surface has not changed. Thus such vectors do not 
change the moduli of the underlying unpunctured surface. Suppose, in addition that a vector 
v ( ' vanishes at z^ = 0, then the position of the puncture pk is not changed. This is clear 
because in this case the disks D^ and D' k are completely equivalent as punctured disks since 
Zfc = is mapped to z' k — and the puncture has not moved. 

Suppose a vector v^> extends holomorphically into the disk Di and does not vanish at 
the origin z\ = 0. Then the conformal map relating the Di and D[ disks maps the original 
puncture into z[ = ev^'(zi = 0) 7^ 0. Since the new puncture is now at z\ — this indicates 
the possibility that the puncture may have moved. We will see presently how to decide if it 
moved or not. 

If all the vectors v^> comprising v arise from a single globally defined holomorphic vector 
field on the whole of 1Z — YlPi (singularities are permitted at the punctures) then the variation, 
performed around all the punctures changes nothing at all! It does not change the underlying 
moduli, nor the position of the punctures, nor the coordinate curves, nor their marked point. 
Let us derive this. Consider Fig. 5 where we show a surface with one puncture, for simplicity. 
The puncture is surrounded by the curve 7 and we will do a variation using a vector field 
v that extends holomorphically to the exterior of 7, but not necessarily to the interior of 7, 
where it may have singularities. We will show that this variation does not change any data. 
In part (a) we show the original surface decomposed into the disk D, and 1Z — D, to the right 
(both shaded). In part (b) we have the new surface TZ! obtained by the variation, decomposed 
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into the disk D' and 1Z — D. The respective coordinates are denoted as z' and i 7 and the 
gluing is done by identifying points s' G dD' with s' G d(lZ — D) via z'(s') = z'(s') +ev(z'(s')). 
Let us now show how to construct a conformal map between the punctured surfaces 1Z and 
1Z' . First we rearrange the construction of 1Z given in (a) into what is shown in (c); we have 
changed the shape of the initial disk D into that of D' by adding and subtracting regions and 
compensating for this on 1Z — D (this is just the same as cutting the original surface 1Z along 
the image of the original curve 7 under the variation.). The coordinate systems for the disk 
and the remainder are called z and z, and the gluing of points s and s in their boundaries is 
via z(s) = z(s). Now the mapping between 1Z' and 1Z is very simple, we use Fig.5 (b) and (c). 
For the points on the disks we simply take the identity map 

q — > q when z(q) = z'(q') (7.7) 

Note that this map maps the new puncture into the old puncture and furthermore the coor- 
dinates of points mapped into each other are identical! If we show this map can be extended 
to the complete surfaces we will have shown that the puncture has not moved and that the 
coordinates around it have not changed. For the remainder of the surfaces we take 

q — > g when z(q) = z'(q f ) + ev(z , (q)). (7.8) 

This map exists because the vector field was assumed to extend to the remainder of the surface. 
It is simple to check that the complete map from 1Z' to 1Z defined by the last two equations 
respects the identifications along the cutting lines, and is therefore a well defined map of the 
surfaces. This concludes the argument. It is also clear how to extend the argument for the 
case when there are several punctures and the vectors around the punctures arise from a single 
holomorphic vector field on 1Z — ^2 Pi- 

Actually, the complete result is that an n-tuple of vectors defined around the punctures 
does not change any data if and only if it arises from a globally defined holomorphic vector 
field on the surface minus the punctures. We showed above that such vectors do not change 
the data, now we argue that any vector which is not of this type must actually change the 
data. 

Consider a vector field defined around a puncture, assume it extends holomorphically up 
to the puncture, where it vanishes, but does not extend holomorphically to the rest of the 
surface. This vector does not change the underlying moduli, nor the position of the puncture, 
but it does change the local coordinate around the puncture. The map between the original 
surface and the new surface is simply the map between the two disks, induced by the vector 
field, plus the identity map on the leftover of the surfaces. It is clear that that the coordinates 
have changed, unless there are continuous conformal self-mappings of the whole surface into 
itself. Such mappings only exist for g — 0,n — 1,2,3 and g — l,n — 0, and are generated 
by globally defined vector fields (conformal Killing vectors). However, since these maps would 
restore back the coordinates they should agree with the vector that generated the variation 
around the puncture, in contradiction with the fact that the variation vector does not extend. 
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A similar argument would show that a vector that extends holomorphically into the puncture 
without vanishing there, and does not extend to the rest of the surface must change the position 
of the puncture, unless the surface is one of the above exceptional cases, in which case at least 
the local coordinates are changed. 

Consider changing the underlying moduli of the surface. It is possible to show that the 
3g — 3 complex moduli of the underlying surface can be changed by variations around a 
single puncture [48]. That is, there are vector fields around a puncture which do not extend 
holomorphically to the rest of the surface nor to the puncture, that can be used to represent 
the 3g — 3 (complex) dimensional vector space T(M. g $). The Weierstrass gap theorem shows 
that if we specify the leading singularity z~ n , with n > 0, of a vector field around a point 
p (with z a local coordinate) there are 3g — 3 values for n such that the vector cannot be 
extended holomorphically to the rest of the surface. These are the vectors that will produce 
the underlying change of moduli of the surface. Every vector v = z~ n , with n one of the 
special values, must generate a nontrivial tangent in T{M. g $). The tangents associated with 
all the special values of n must give a basis for T{M. g o). If this were not the case, we would 
not be able to generate all possible tangents by Schiffer variations. This shows that any vector 
that does not extend (in and out) must generate a deformation of the underlying moduli. We 
summarize all the above information in the following table. The first two columns tell us 
whether the Schiffer vectors extend holomorphically into the punctures (extends in) and/or 
to the rest of the surface (extends out); v{p) denotes the value of the Schiffer vector at the 
puncture. To the right we show the type of data they change. 

Table. Schiffer variations. 



Extends in 


Extends out 


Changes 
moduli 


Moves 
punctures 


Changes 
coordinates 


Yes/No 


Yes 


No 


No 


No 


Yes, v{p) = 


No 


No 


No 


Yes 


Yes,i>(p) 7^ 


No 


No 


Yes* 


— 


No 


No 


Yes** 









The asterisk on the third row indicates that the positions of the punctures change unless 
n — 1,2,3 with g — 0, or n — g — 1, in which case the local coordinates must change. The 
double asterisk indicates that the underlying moduli change unless the surface is of genus zero 



* For genus one, a vector field whose leading singularity is z _1 cannot be extended. If it could, then working 
on the presentation of the torus as a lattice in the z-plane the vector field would be of the form v(z)(dz)~ 1 
where actually v(z) must be a function on the torus. But it is well-known that there are no functions 
on a torus having a single first order pole (the famous V function of Weierstrass has a double pole) . For 
genus zero, all vectors with leading singularity z~ n with n > can be extended. 
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and there are no such moduli. If this is the case the vector must change the position of the 
punctures, unless n = 1, 2, 3, in which case the local coordinates must change. 

We can explain now how to find the variations and the associated vectors on the surface 
corresponding to a given tangent vector in Vg jn - We use a given puncture to generate the 
underlying moduli deformations. We then move the positions of the punctures by a Schiffer 
variation around each puncture with a vector field that extends holomorphically inside the 
disk but does not extend outside. If that vector does not vanish at the puncture it will 
change the position of the puncture. We finally change the coordinate system around the 
punctures. This is also done with a variation around each puncture using a vector that extends 
holomorphically inside the disk, vanishes at the puncture and does not extend outside. Two 
successive infinitesimal Schiffer variations with vectors ev and ev', are equivalent, to order e, 
to a single variation with vector e(v + v'). Since we are interested in reproducing a specified 
tangent in Vg jn , all variations are infinitesimal, and therefore the n variations moving the 
punctures and the n variations modifying the coordinate systems can be put together into n 
variations, each around a different puncture. Once we have learned how to do the variations 
there is no sense of order in which the underlying moduli variations and the puncture variations 
must be done. 

To summarize, consider a specified tangent vector in V g , n . It can be generated by the sum 
of (3g — 3) variations of the type 

(4 1} ,0,0,---,0), fc = l,2,..-, 3*7-3 (7.9) 

all based on the same puncture (and each changing a complex modulus) , and n variations of 
the type 

(0,0,---y fc \ •••,()), fe = l,2,..-,n (7.10) 

each around a different puncture (changing the position of the puncture and the local coordi- 
nates). Thus a given tangent in V g ^ n maps into the vector v which is simply the sum of the 
3g — 3 + n vectors listed above. Any other possible vector v' representing the same tangent in 
Vgn can only differ from v by a vector t arising from a globally defined holomophic vector on 
the surface minus the punctures. 

7.3. Construction and Properties of Forms on V g , n 

Our aim in this section is to construct a set of differential forms on the space Pg,n- The 
degree of these forms will go from zero to infinity, since the space V g ^ n is infinite dimensional. 
The most relevant forms, however, are those of degree less or equal to 6g — 6 + 2n, the 
dimensionality of the moduli space of surfaces of the corresponding genus and number of 
punctures. These forms can be naturally integrated over the minimal area section, or subspaces 
of this section. The form of degree 6g — 6 + 2n is the basic ingredient in the definition of string 
field vertices and string field products, as we will see in the next subsection. The forms will 
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be labeled by n states. These will be denoted as 

|Si> <g> \B 2 ) ® • • • <g> |B„) = |S) e ft® n . (7.11) 

Here \B^) denotes the state to be inserted on the fc-th puncture. 

Basic Objects in the Operator Formalism. We must recall some basic properties and construc- 
tions of the operator formalism which are necessary for our purposes. Consider our Schiffer 
variations, in a surface with one puncture, for simplicity. We write 

(l + e8 v )z = z + ev(z), (7.12) 

where this is the way the variation acts on a local coordinate. It follows by a simple compu- 
tation that these variations satisfy the algebra 

as verified by acting on a local coordinate. For the case of several punctures, the vectors 
become the boldface vectors Vj, and (7.12) is naturally generalized by acting on an n-tuple of 
local coordinates. We then have that 

[<5 Vl ,<5 V2 ] = <5[ V2 ,vi]- ( 7 - 14 ) 

Associated to a point P in Vg jn , which represents a surface E of genus g with n punctures (here 
n > 1) with local coordinates, the operator formalism gives us a state |E) e 7^® n (defined up 
to normalization). The corresponding conjugate state is obtained by use of the reflector 

l... n (E| = (Rn>\ ■ ■ ■ (-Rnn'lE)l'-n'- ( 7 - 15 ) 

We must understand how the state |E) varies as we change the data of the surface, in particular, 
if we make a Schiffer variation with a vector v = (v^ 1 ', ■ ■ -v^ n '). To this end we must use the 
stress tensor (T(z),T(z)) of the theory. Let us define 

T(v) = E (/rW(*) v <0(*)|fL +fT«\z i )v«\z i )^\ (7.16) 

where the operator valued fields T^'(zi) and T (~z~i) refer to the i-th Hilbert space (we use 
§ dz/2niz = § dz/2iriz = 1). The vectors v^> are simply the complex conjugates of v ^' and 
the integrals are taken using contours surrounding the punctures and lying in the domain of 
definition of the local coordinates and the n-tuple of vectors. We then have that 

[T(vi),T(v 2 )]=-T([vi,v 2 ]), (7.17) 

which follows from the operator product expansion 

T(z)T(w) ~ 2 T(w) + —^—dT{w) + • • • , (7.18) 

[z — w) z (z — w) 

the analogous relation for the antiholomorphic modes, and the fact that the various Hilbert 
spaces in (7.16) are independent. It is convenient at this point to introduce the antighost 
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analog of (7.16). We define b(v) as 

b(v) = £ (jb^\ Zl )v^\ Zl ) g + f#%)*H«)^)- (7.19) 



i=\ 



Making use of the operator product expansion 



, r2 0(w +7 v 

[z — w) z {z — w) 



T{z)b{w) ~ - — ^H + - — — db{w) + • • • , (7.20) 



we find that 

[T(v),b(v*)]=b([v fc ,v]). (7.21) 

Similarly, making use of Eqn.(2.23) we readily obtain 

n 

{^Q« b(v)} = T(v). (7.22) 

i=l 

Returning now to the stress tensor, consider its BPZ conjugation property. Since the stress 
tensor behaves on a Riemann surface like a quadratic differential (a dimension two primary 
field) its behavior on the reflector must be identical as that of the antighost field ((2.58)), we 
therefore have 

(Rn\(L^-L^l) = 0. (7.23) 

Using the mode expansion for the stress tensor and that for an arbitrary vector 

n n 

we find that 

T(v) = Jt(z)v(z)^- = J2 L nV~n- (7.25) 



Using (7.23) and (7.25) we find that 

{R 12 \[tW(v)+tW(v t )] = 0, (7.26) 

where the vector v T (z) must be given by 



v T lz) . , 

z' 

n 
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It is a straightforward calculation, using the above definition of v T in terms of v to find that 

[v'[(z),i$(z)] = [v 1 (z)Mz)] T - (7-28) 

We can now address the issue of deforming the state |E). Following [37,36] one must have 

5 v |E) = T(v r )|E>. (7.29) 

One can make a simple consistency check 

[<5 Vl ,<5 V2 ]|S)=[T(vf),T(v 2 T )]|S) 

VL V (7.30) 

= T([v 2 , Vl ] J )|S) 

= 5 [V 2 ,V 1 ]I S )> 

in agreement with the algebra of the 5 V operators in (7.14). In fact, the other candidate: 
S v \12) = T(v)|E) would have also passed this consistency check. We can see that (7.29) must 
be the correct form by a consistency argument. Consider a surface with one puncture, with local 
coordinate z giving a state |E). The one point function of a physical state l^) is essentially 
given by (\l/| • • • |E). Suppose we change z by the addition of a vector field v(z) = ez n+1 
[n > 1). In this case T(v T ) = —eL- n . If we change the coordinates in this way, the coupling 
to a physical state (\l/| must not change. This implies that (\l/| • ■ -L_ n |E) must be zero, and 
this indeed can happen because for physical states we have L n >\\^) = 0. 

It follows from (7. 15), (7.29), and (7.26) that 



#v l--n(E| = (-Rll'l ■ ■ • (-R n n'|^v|E)i'... n ' 

= ( J RllH---( J Rnn'|T / (v T )|E)i,... 

= -<i?ir|---(i2nn'|T(v)|E) r ..., 
= -i... n (E|T(v), 



(7.3i; 



and therefore we have that 



5 V (E| = -(E|T(v). (7.32) 



This equation will be useful to us shortly. Let us conclude this brief discussion of the operator 
formalism with two useful properties. For t a Borel vector (a vector whose data along the 
punctures extends holomorphically to the rest of the surface) we have that 

(E|T(t)=0, (E|b(t)=0, (7.33) 

as explained in [36]. Moreover the state representing the surface is annihilated by the BRST 
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operator 

(E|(Qi + ...Q n ) = 0. (7.34) 

From the operator formalism we know that the state |£p) is a state with (first quantized) 
ghost number 6g — 6 + 6n 

T,eV g , n -► G|S) = (6(?-6 + 6n)|S), (7.35) 

and therefore, in our conventions, the bra (E| has the same ghost number. Since this is an 
even ghost number, the bra (E| is Grassmann even. 

It is important for us to have the normalization of the state (E| unambiguously determined. 
We can fix by hand the normalization of the surface corresponding to the three punctured 
sphere (the three-string vertex) by defining the string coupling constant k. The normalization 
of the sewing states was fixed in §2. Then using sewing and the three punctured sphere we can 
define the normalization of states for higher number of punctures and higher genus since it is 
clear that we can produce some surfaces for each Ai g , n (not all because the vertex is fixed), 
and then using the transport equation (7.29) we can extend the definition of normalization 
to the remaining surfaces in the moduli space (see [36] and [51] for further analysis of the 
consistency of sewing) . 

Defining the Differential Forms fig. We will define now a differential form fi J labelled by 

n states Bi, of real degree (6g — 6 + 2ra) on the tangent space Tp(V gj n) based at the point P 
(recall (7.1)) by the following expression 

Slf 9 > n (V u ■ ■ • tVe+2n) = ^,n(E P | b(vi) • • • b(v 6p _ 6+2n ) \B), (7.36) 

where the necessity for the normalization constant N g ^ n 

Ng , n = {2m)- d9 ' n = (2iri)- {39 - 3+n \ (7.37) 

first pointed out by Kugo and Suehiro [3] in the context of the classical action, will become 
apparent in discussing sewing and the main identity. Moreover, if this constant were not 
present, the string field vertices would not be real (see §7.4). Similarly we can define other 
forms of lower degree, all of them labeled by n states: 

Q ^) 9 ,n^ % g _ 6+2n _ r ) = iV ffjn (Sp|b(v 1 ) • • • b(v 65 _ 6+2n _ r ) \B) . (7.38) 

This is a form of degree (Qg — 6 + 2n — r), it can be therefore used to integrate over submanifolds 
of codimension r in the section a(T> g ^ n ) (thus the label (— r)). 



• The apparent disagreement with the constant given in [3] is due to our different convention for b and 
different definition for the string field. 
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Given that the state (£p| has ghost number 6g — 6 + 6n, the 6g — 6 + 2n antighost insertions 
in £1 J reduce the ghost number to An. In order to get a nonzero answer we need a total 
ghost number of 6n, since in between two vacua (1| • • • |1) for each Hilbert space there must 
be a total ghost number of six. Thus for the form VL J g,n to be nonvanishing the sum of the 

ghost numbers of the -B's must be 2n, that is Yli(G(Bi) — 2) = 0. The form £1- can be 
nonvanishing only if X/i=i G{ = 2n — r . 

The bra (£p|, lives in 7i® n , where each Hilbert space corresponds to each of the labeled 
punctures. We can label the Hilbert spaces more explicitly as (Ep(l,2, • • -n)|. We may also 
add to the states the label of the Hilbert space where they are inserted, say \B)qa, indicates 
that the state B will be associated to the fc-th puncture. Operationally, the tensor product in 
(7.11) means that in calculating an overlap we use 

\B) = \B 1 ) {1) \B 2 ) {2 y\B n ) {n) , (7.39) 

and therefore equation (7.36), for example, is evaluated as 
nf 9 ' n (V!, ■ ■ •Vfe ff -6+2n) = N g>n {E P (l, ■■■n)\ b(vi) • • -b(v 6 ,_ 6+2n ) |Si) (1) • • • \B n ) {n) . (7.40) 

Let us explain the various ingredients entering into the definition of the Qg forms, noting 
as we go along the conditions that must hold so that it they are well defined forms on Tp(P gn ). 

The forms Q are labelled by the n states \B{) that are introduced at the punctures. Given 
a set of (6g — 6 + 2n) real vectors V\. G Tp(V g , n ), the form Q must give us a number. One 
must first choose a point P G V g , n such that it projects down to P under the map n' in (7.1). 
(Must check that: (i) the choice of P does not affect the result.) Given a vector V& one must 
now find a vector V^ G Tp(V g ^ n ) that projects via ti' into V&. (Must show that: (ii) that the 

choice of V& does not affect the result.) Then we must choose an n-tuple v^ = (vi , • • • , vY 1 ) 
that represents the tangent 14 as a Schiffer variation. (Must check that: (iii) the choice of v^ 
does not affect the result.) 

Let us show that (i), (ii) and (iii) hold. Let us begin with (iii); that is showing that 
the ambiguity in the choice of the n-tuple v^ that represents the tangent V& does not matter. 
Indeed the only ambiguity, as we discussed in §7.2, is the addition of an n-tuple 't' arising from 
a globally defined vector field holomorphic except at the punctures. This ambiguity requires 
that the replacement of b(v^) by (b(vfc) + b(t)) should not alter the value of the form Q. 
Indeed, since (Ep|b(t) = ((7.33)), the extra term can be brought all the way to the bra (E| 
and gives no contribution. 

Let us now turn to (ii). Given a vector V& the vector V& is determined up to a vertical vector 
V, which as explained in the previous subsection, can only change the marked point in the 
coordinate curve. This means that the vector only changes coordinate systems up to a phase. 
Since we can change the phases of the local coordinates around each puncture independently, 
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the general situation corresponds to changing the phase around one of the punctures. The 
associated vector v = (0, • • • , v^\ • • • , 0) for the Schiffer variation must implement the variation 

z[ = exp(ie)zi ~ 1 + iez{, — > v^ 1 ' = iz{. (7-41) 

Thus changing V^ to (V& + eV) changes v^ into (v^ + ev) and as a consequence will change 
the relevant antighost insertion in fig as follows 

b(v fc ) ^b(v fc ) + eb(v). (7.42) 

Equations (7.19) and (7.41) give us b(v) = iip^ — b ), and therefore the extra term in (7.42) 
will not affect the evaluation of fig if 

(b®-$ ) )\B i ) = tf i >\B i ) = 0, (7.43) 

which must hold for all %. This is the standard condition that states should be annihilated by 
6q~, which we must require (this completes the verification of (ii)). 

Let us finally verify that (i) gives no problems. As we change P into P' (both projecting 
to P) there are two types of changes involved in (7.36) : the bra (£p| is changed into (£p'|, 
and, corresponding to each of the vectors V& we must now find new vectors VL G Tp/(P fln ) (the 
old vectors Vk are in Tp(Vg jn )) and the new n-tuples v'fc corresponding to the new tangents. 
For any two points P and P' related by an infinitesimal tangent eV G Tp(V 9jn ) the variation 
of the (Sp| is given by 

(Ep,| = (Ep|-e(E P |T(v), (7.44) 

where v ((7.41)) is the Schiffer n-tuple representing the tangent V. In order to understand the 
second type of change, consider the original Schiffer variation v^. What we need now is a new 
variation v'^ that implements the same change in the curves used for the variation, despite 
the fact that the coordinates have changed. The answer is 

v / fc = v fc + e[v fc ,v]. (7.45) 

This is derived beginning with the fact that if point p is mapped into p' (near a puncture pi) 
we want this to happen both with the initial variation and with the new variation: 

Ziip) + evf(zi(p)) = Zi(p'), 

(i) i i i (7.46) 

z'iip) + ev'l {z'iip)) = z'i(p), 



where the new and old coordinates are related by z'i(p) = Zi(p) + ev ^\zi(p)). A short calcu- 



lation shows that v I = vY + e{v¥ ,v^'], which is the content of (7.45) around the puncture 
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Pi. As a consequence each antighost insertion changes into 

b(v fc ) - b(v fc ) + eb([v fc ,v]). (7.47) 

Equations (7.44) and (7.47) tell us how to vary (7.36). The strategy is to move the T terms 
all the way towards the states. In commuting T and b's we use (7.21). The extra variations 
(7.47) and the extra terms arising from the commutators cancel. At the end we simply have 
T acting on the states T(y)\B). But given the explicit form of v in (7.41), (supported only 
on the i-th puncture) we have that 

T(y)=i(L®-I$ ) ), (7.48) 

which simply means that the form Qg is well defined if the states in \B) satisfy the usual 
Lq — Lq = condition. This concludes our proof that the form Qg is well defined on Tp(Vg y n)- 

BRST Action on the Forms fig. We have introduced above a set of forms fl- of degree 

£_ ^ B 

deg[$l' -r )] = Dim [yW 5 , n ] — t, where r < Dim.M ff ,n- Since V is infinite dimensional, there is 
no top form, and r can take all possible negative values. Our minimal area section a in P gn is 
of dimension equal to that of Aig y n, and therefore r = gives us top forms for integration over 
the section. For r > the forms can be integrated over some relevant codimension r subspace 
of the section. The form Qr~ is nonvanishing only if J^Li G(Bi) = 2n — r. The forms with 
r = — 1 are expected to be relevant to string field redefinitions. 

The result that we want to establish is that the BRST operator acts in a simple way on 
the above forms. We will show that 

n EQ,|S> = <-)* d ^ 1 ' (7 ' 49) 

where 'd' is the exterior derivative in Vg jn , Q is the closed string BRST operator, and V is 
just a number. This relation holds for all relevant values of g and n, and we have therefore 
ommitted those labels on the forms. 

In order to prove this (7.49) we need to establish some preliminary results. Let us first 
recall that the exterior derivative of any (k — l)-form Q on some manifold can be defined with 
the help of k vector fields on the manifold 

k 

dfi(i>i, • • • , v k ) = ^2{-) i+1 Vi n(vi, • • • , v°, ■ ■ ■ , v k ) 

»=i (7.50) 

+ E (-) i+ H[ViMVir--,V°,...,V°,...,V k ). 

l<i<j<k 

In the first term in the right hand side, the differential operator V% is acting on the function 
appearing to the right (Q acting on the vector fields is a function on the manifold). The 



* Sec, for example, Ref. [52] Vol.1, Ch.7, Thm. 13. 
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superscript 'o' on a vector field indicates that the vector field is ommitted. Therefore, while 
the form dQ has k entries, the form Q appearing in the right hand side shows (k — 1) entries, 
as it should. 

In applying (7.50) we will be working on the space V g , n - Pick a reference point E e V g , n 
corresponding to a surface with coordinate curves. We consider a set of vector fields Vi, • • • V& 
defined on the tangent spaces corresponding to points in a neighborhood of E. We introduce 
for convenience a set of coordinates u around the point E. Then a tangent vector at E will 
be denoted as 



ViL, = V 4 



E " l du 1 



(7.51) 

E 



where the sum over / is implicit, d/du |s is the usual set of basis vectors, and V/ are the 
components of the vector. When we want to emphasize that this is a vector field we write 



i>J =^V(s')) ° 



du 1 



(7.52) 



where E' is any point in the neighborhood of E. Associated with these vectors there are Schiffer 
variations. We define 

d 



du 1 



(7.53) 



as the Schiffer vector that implements the deformations associated to the indicated basis vector 
based at point E. By linearity, we have that 

v(t/ i |E)=V/v I | E =v I | E , (7.54) 

where the last relation has introduced a further piece of notation. 

There is a nontrivial relation between the Schiffer vectors and the tangent vectors due to 
the fact that the algebra of Schiffer variations must give a representation of the algebra of 
tangent vectors. We must have that 

[K{v % yK{v 3 )\ =5 v{[v J ,%y ( 7 - 55 ) 

with the particular ordering of tangent vectors on the right hand side arising because the 
algebra of transformations shows a reversal of ordering with respect to the algebra of the 
underlying vectors (as in (7.14)). Let us evaluate the left hand side of Eqn.(7.55) acting on a 
local coordinate z. We begin by calculating 

= z + ev j \ I1 (z)+evi\ s .(z + evj\ s (z)), 

where Ej G V g , n denotes the point obtained from E after the variation corresponding to the 
tangent eVj. Note that in the second variation we have used the Schiffer vector corresponding 
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to the new basepoint. By further expansion we get 



;i + e<5 v( v>))(l + e5 v (l>)) z = z + ev j\M + e v il Sj (*) + e 2 v^vj + 0(e s 



(7.57) 



where in the last term d = d/dz, and the Schiffer vectors in that term, to the approximation 
we are working, can be taken to be based at E. Exchanging % and j in the above, subtracting 
the resulting equation from (7.57), and substituting back in (7.55), we find 



(Vj| e -Vj| s .) + (V. 



«|E, 



6[v l ,v J ]+6v([\/ J ,^])+0(e 2 ), 



(7.55 



where in first bracket in the right hand side the Schiffer vectors are operators on the surface. 
This relation will be used shortly. 

We can now begin in earnest our proof of Eqn.(7.49). Consider the case when the form in 
the left hand side is a k-iorra, so in particular, * = k — Dim.M^n- Moreover, since (7.49) is 
homogeneous and does not involve changes in g or n, the normalization factor N g ^ n is irrelevant 
and we will not show it below. Our strategy will be as follows. We will begin with the form 



^(Vi, • • • , %-i) = <E|b(v(Vi)) • • • b(v(y fc _i)) \B), 



(7.59) 



where, for clarity, we have written the Schiffer vectors as function of the tangent vectors. Then 
we will use Eqn.(7.50) to evaluate dQ. Finally we will evaluate, by direct computation the left 
hand side of (7.49). 

Consider therefore the first term in the right hand side of (7.50) which corresponds to 



^(-r +1 i/4(E|b(v(\/ 1 ))...b°(v(\/ l ))...b(v(\4))|fi)). 



(7.60) 



i=l 



In order to take this directional derivative it should be emphasized that not only the state 
changes, but also the antighost insertions change, since they depend on vector fields. The 
derivative can be evaluated as the limit 



k 

D 

i=l 



) i+1 lim - 
e^O e 



(E i |b(v(yi))...b°(v(y i ))---b(v(y fc ))|s) 

(E|b(v(\/ 1 ))...b°(v(V-))...b(v(\4))|5) 



(7.61) 



where Ej, as defined earlier, denotes the point in V g , n obtained by varying E with the tangent 
eV{. We know that 

(Ei| = (E| (1 - eT(v(V-)) ) + 0(e 2 ), (7.62) 

and, in analogy, we define for the antighosts 

b(v(Vj))\ Si =b(v(\/ J ))| E +6A,b J + 0( e 2 ). (7.63) 

With a short computation we find that (7.61); which is simply the first term in the right hand 
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side of (7.50), can be written as 

k 
£(-)<<E|T(v(V,)) b(v(Vi)) • • ■ b° (v(V-)) ■ ■ • b(v(V k )) \B) 

<=i (7.64) 

+ ^(-^'(SKA^-A^ObHt/!)) ••b°(v(V-)) ••b°(v(t/ J )) ..h(v(V k ))\B). 

l<i<j<k 

On the other hand the second term in (7.50) gives 

^(-^•(Slb^^ (7.65) 

l<i<j<k 

The last term in (7.64) and the term in (7.65) combine naturally and suggest that we simplify 
the quantity Ajbj — Ajbj + b(v([Vi, Vj\). Making use of Eqn.(7.63) and (7.58) we find 

Ajbi - Aibj + b(v([Vi, V 3 ])) = ^b^v4. - v4 - Vi | s . + Vj\ s +ev([Vi, Vj\)J 

= b([vi,vj]). 

Using this result to add up Eqns.(7.64) and (7.65), we obtain the complete expression for dQ 

k 
dn(V l} -., V k ) = ^(-) l (S|T(v, t ) b(vi) • • • b°(v<) • • • b(v k )\B) 

*=i (7.67) 

+ E (-ir +j (sib([ Vl , Vj ])b( V1 ) • • .b°(vo • • -b^v,) • • .b(v*)iB>, 

l<i<j<k 

where we have gone back to the notation v& = v(V k ), and all the vectors are based at S. Having 
evaluated the form dfl appearing in the right hand side of (7.49), we now must evaluate the 
left hand side. We begin with 

(Ep|b(vi) • • • b(v fc ) (Q (1) + • • • Q {n) )\B), (7.68) 

and move the sum of BRST operators all the way to the left using (7.22), until the sum of 
BRST operators hits the bra (E| and annihilates it. In doing so we obtain 

k 
E(-)^(Sp|b( Vl ) • • .b^vOTfc) ■ • -b(v fc )|5), (7.69) 

where the sign factor arises because Y2 Q was commuted through (k — i) antighosts. We must 
now move the T's all the way to the left. In doing so we obtain two type of terms; terms where 



T's have reached the bra (E| 

k 



R fe J>r<£p|T(vOb( Vl ) ■ ■ - b °( v *) • -Mvk)\B), (7.70) 

and terms arising from the commutators of T with b (see (7.21)) 






v-, ^ v -) l+J (Sp|b([v I ,v,])b(v 1 )---b (v,)---b°(v J )---b(v fc )|5), (7.71) 

l<i<j<k 

where in obtaining this from (7.69) we first relabeled i by j, and the antighost factor b([vj, Vj]) 
was moved across (i — 1) antighosts to get to the leftmost position. 

The above two groups of terms are readily seen to correspond to those shown in (7.67) up 
to the sign factor (— ) . Given that k = * + Dim.M 5jn , and all moduli spaces have even real 
dimension, the sign factor equals (— )*. This proves the result in (7.49). Note that the sign 
factor is irrelevant when the form in the left hand side is the top form Q^ ' on the section a. 

7.4. Defining the String Field Multilinear Functions and Products 

We have done all the preparatory work to be able to define precisely the string field multi- 
linear functions, and the string field products. We will first discuss the multilinear functions, 
give their definition and basis properties. These multilinear functions, when used for the dy- 
namical string field \1/, give the string field vertices entering the string field actions. We show 
that these string field vertices are real. Then we define the string field products and prove 
some of their basic properties. We leave for §8 the proof of the main identity. 

The String Multilinear Functions. The form f2 \> 9,n is of degree (Qg — 6 + 2n) and therefore 

can be integrated on the section a{M. gn ) e P ff ,n- Let V 3 , n = cr(T>g jTl ) denote the subspace of 
the section corresponding to the surfaces T> g ^ n C Mg,n comprising string vertex. The string 
field vertex or multilinear function associated to this subset of surfaces is defined to be 

{ Bl ,B 2 ,...,B n } g = J n^: n Bn . (7.72) 



It is simply the integral over the subset of surfaces defining the string vertex, using the minimal 
area section. Thus given n string fields, the multilinear product gives us a number. This 
number, of course, is an ordinary number, complex, in general times a set of spacetime fields 
(recall the usual expansion of the string field in (3.1)). 



* Note that it would have been incorrect to naively identify the expressions in (7.70) and (7.71) with the 
first and second terms in equation (7.50). 



As we discussed below Eqn.(7.37) the form entering QJ entering the definition above 

^ B 

vanishes unless ^2n{G(Bi) — 2) = 0, and therefore, the multilinear function vanishes unless this 
is the case (as stated in (4.37)). Since the bra (E| entering VL J is Grassmann even and the 
number of antighost insertions is even, the statistics of the multilinear function is simply the 
statistics of the product of the S's, in other words, the multilinear functions are intrinsically 
even (Eqn. (4.38)). It is also obvious from the above definition that the functions are indeed 
multilinear, in the form stated in Eqn. (4.35). 

It is convenient to be more explicit as far as the states to be inserted. Using (7.36) we are 
led to define 

(fi(°)^| = JV fl>n (Ep|b(vi)...b(v 69 -6+2n), (7.73) 

which allows us to write 

n (0)9,n = (n9,n\ Bl \ . . . | S \ (7.74) 

B 

The bra {Q g,n \ is simply introduced for convenience of notation. It is a form on Tp(Vg jn ), but 
valued in the tensor product of n copies of the Hilbert space 7i. It is not uniquely defined 
as such, since as we saw in the previous section, the various choices one has to make affect 
(D, g,n \, but do not affect the value of VtJ 9,n due to the subsidiary conditions on the states 
\Bj). Whenever we will use (Q g,n \ it will appear contracted with suitable states. Using this 
notation we write 

{B 1 ,B 2 ,---,B n } g = J (W> n \B x )\B 2 )---\B n ). (7.75) 

Vg,n 

Let us consider now the graded-commutativity property of the multilinear functions. By 
construction, the string vertices V g , n used to define the multilinear functions include a set of 
Riemann surfaces with labeled punctures, with the condition (stated in §5.1 as condition (b)) 
that the local coordinates are assigned in a labelling independent way, and if a surface TZ is in 
the set, the copies of TZ with all other inequivalent labelings of the punctures are also included 
in the set. This implies that the result of the multilinear product does not depend on which 
state is assigned to which puncture. Using the notation explained below Eqn. (7.36) this 
implies that 

J (n^(l,2,...,n)\---\B l ) {t y..\B 3 ) U y= J (n^(l,2,...,n)\---\B l ) uy ..\B J ) {t y.., 

(7.76) 



v 9 ,u y 



and effectively means that the object 

'V'"(l,2,.--,n)|, (7.77) 



Vg,n 
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acting on states, is symmetric under any exchange of labels of the Hilbert spaces. This means 
that the multilinear product simply picks up a sign corresponding to the statistics of the states 
that one commutes, that is 

{B h ---,B i ,B i+1 ,---,B n } g = (-) BiB ^{B 1 ,---,B i+1 ,B i ,---,B n } g , (7.78) 

Note that the multilinear function we have introduced need always at least one argument, that 
is n > 1, otherwise there is no state (£p| to work with. In fact, since we did not introduce the 
string vertices V fl =o,n fo r n — 0, 1, 2, so far we only have multilinear products defined for n > 3 
when the genus is zero. When we studied the geometrical recursion relations we observed that 
the subsets Vg$ for g > 2 were all defined by the recursion relations. The case of g — 1 is 
peculiar in that the subset V g =ifi is not defined by the recursion relations. We will simply 
assume it is determined somehow (see §6.4). Let us therefore extend the definition of the 
multilinear products to g > 1 and n — 0. The idea is that the multilinear product, denoted in 
this case by { • } g must give us a number. Physically, this number should just be the result for 
the corresponding vacuum graph, but since the operator formalism does not give us a state 
for surfaces without punctures, we must use the same idea that was used in [36] to calculate 
partition functions. Consider then the subset V 5j o, and note that since we have no punctures 
and therefore no local coordinates, this should be thought as a subset of Mg,o- We then find 
a corresponding subset T> g \ G M-g,i such that when we forget about the extra puncture we 
obtain the set V 5j o- Then we define the form Vt g,Q on Tp(M. g $) by the expression 

fi 5 '°(^i, • • • %-e) = <Sp|b(vi) • • • b(v 6fl _ 6 )|l>, (7.79) 

where the surface P G c(Z> 5) i) projects into the surface P G Aig,o as we forget about the 
puncture. Note that ghost number works out correctly, since, compared to the top form on 
V 9i \ we have two less antighost insertions, but at the same time instead of inserting a state of 
ghost number two, we are inserting the vacuum, of ghost number zero (for g — 1 one must use 
two antighost insertions). It was shown in [36] that this is a well defined form on M. g $- Now 
we simply set 



{ • } g = I n*°. (7.80) 



',0 

VgflCMgfi 



For genus zero we will set 

{•} = 0. (7.81) 

The multilinear products for g = and n = 1, 2 are taken to be 

{B} = 0, and {B 1 ,B 2 } = (B 1 ,QB 2 ). (7.82) 



f The symmetry may not be manifest, but it must hold given the properties of the states representing the 
surfaces. For example, the antighost insertions cannot be generically done treating the punctures in a 
symmetric way, however, it is clear that using Borel vectors the insertions can be moved around to show 
the symmetry of the bra (O s ' n |. 
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Hermiticity of the String Field Vertices. Recall now from §4 that the string field vertices were 
the key elements in constructing the string action. We had that 

Sy(*) = -L{^} 5 . (7.83) 

We want to show that given a dynamical string field |\P) satisfying the reality condition (^hc\ — 
— (ty\ imposed in §3.1, the string field vertex {^ n } g is real. The key geometrical input that 
guarantees the hermiticity of the string field vertex is condition (c) in §5.1, which requires that 
given a surface £ G V then the mirror £* is also in V, and that the local coordinates in £ 
and E* be related by the antiholomorphic map that relates the two surfaces. The minimal 
area area problem that we use to define the local coordinates indeed gives us string vertices 
satisfying those conditions (§6.4). In terms of the states representing the surfaces the above 
conditions imply that 

(Sftd = <£*|, (7.84) 

which can be established by using the conserved charges method of the operator formalism [36]. 
In order to show that the string vertex is real we must consider the form we are integrating 
around the surface £ 

(E) = 7V s , n (£|b( Vl ) • • • b(v r )|tf), (7.85) 

and the form around the surface £* 

(£*) = JV ff , n <E*|b(vI)...b(v*)|tf), (7.86) 

where the Schiffer vector v* is defined by the condition that the deformations it produces on 
the coordinates of £* be the mirror images of the deformations the Schiffer vector Vj produces 
on E. Under this condition, we must show that the number in (7.86) is just the complex 
conjugate of that in (7.85). This will imply the hermiticity of the string field vertex since we 
can then break up the total integral into two pieces one the hermitian conjugate of the other. 

The condition that the coordinates be related by the antiholomorphic map means that if 
the map takes a point p G E in the domain of the local coordinate z into the point p* G £*, 
then the local coordinate z* satisfies 



z*(p*)=z(p), (7.87) 

where the bar will denote complex conjugation. Then given a Schiffer vector v{z) in E, de- 
forming z as zip) — ► zip) + v(zip)), complex conjugating, we have 



zip) -> z(p)+v(z(p)), 
and using (7.87) it implies that 

z*{p*)^z*(p*)+v{z*(p*)), {7.1 
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and we deduce that v*(z) = v(z). More explicitly 



This defines the Schiffer vectors v* entering in (7.86). Let us now begin by taking the hermitian 
conjugate of (7.85) to find 

(EO = iV 5 , n ((S|b(vi)---b(v r .)|^)) t , 

= (-)"#,,„ Ac|[b(v r )]t • • • [b(vi)]t|E ftc ), 



(7.90) 

\^hc), 

^ >B (*|[b(vi)]t...[b(v r )]t|E hc >, 



) d -iV ffjn (^|[b(v r )] t ---[b(v 1 )]t|S /tc ), 



where in the first step we got a factor of (— ) n since there are n Hilbert spaces and each one 
gives a minus sign due to (2.37). In the second step we used the reality condition on the string 
field, which gives us another (— ) n , and the definition of the normalization factor in (7.37). 
Finally, in the last step we rearranged the antighost insertions; since there are r = 2d g ^ n of 
them, this cancels the previous sign factor. The last equation can be written in the form 



(E)=JV ff) „<tt|M), (7.91) 

where the Grassmann even ket |M) is given by 

|M) = [b(v 1 )]t...[b(v r )] t |S ftc ). (7.92) 

It follows from (2.50) that 



(E)=JV ff ,„<M|tt), (7.93) 

and therefore we must simply evaluate 

(M| = (R 1V \ ■ ■ • (iW|[b(vi)]t • • • [b(v r )]t|S ftc ). (7.94) 

Using the definition of b(v) in (7.19) and the expansion of the vector v in (7.89) we have 

K v ) = ^2(Kv-n + b n v- n ), and &(u)t = ^{b- n v- n + b- n v- n ), (7.95) 

and therefore using (2.58) we have 

(■Ri»'|[6(i')(v)] t = (Rii'l ^2(b_ n{i/) v- n + b_ n{i ,)v- n ), 

= (Rii'l ^2( b n(if~n + b n (i)V-n), ( 7 - 96 ) 

= (Rw\[b(v*)h- 
Using this result, together with the Grassmann even property of |S/j C ) one finds that Eqn. 
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(7.94) gives 

(M| = (£, c |bK)---b(v r *). (7.97) 

Finally, using Eqn.(7.84) and substituting back into (7.93) we get 

(E) = 7V s , n (E*|bK) • • • b(v r *)|*> = (E*), (7.98) 

which is the result we wanted to establish. This concludes our proof that the vertices of the 
string field theory are hermitian. Having shown in §3.2 the hermiticity of the kinetic term, 
this establishes the hermiticity of the full string field theory. 

String Field Products. Having defined the multilinear string field functions let us now define 
the closely related string products. These products take a set of string fields, and give us 
another string field. In the same way as the multilinear functions they are labeled by the 
genus g. We define 

[Si, • • • , 5 n _i] ff = £'(-)*• • / (^ l |$ s )o|$ s ) e |5i) • • • |5 n _i>, (7.99) 

V 

where the sum extends over a basis of states $ s complete in the subspace of states annihilated 
by (Lq — Lq). The label e, standing for external, on the state \$ 8 )e is the label for the Hilbert 
space of the resulting product. This state is not contracted with {Q 9,n \. The Hilbert spaces of 
the bra {Q g,n \ are labeled by 0, 1, • • • , n — 1. The state |$ s )o is contracted with the 0-th Hilbert 
space, and each state \Bj) is contracted with the i-th Hilbert space. One easily rewrites the 
product in the following forms 

[Bi, • • • , s n . 1 ] g = J^(-f° |i s ) e • J (n* n |* a ) |Bi) • • • |£ n _i), 

s V 

= Y^(-f S \®s)e-{$s,B 1 ,---,B n - 1 } g , 

s 

= £' / (^' n |6 " (e) l^)o|^)e|5i) • • • |3 n _i>, 

Vg,n 

(W n \R>oe)\B 1 )---\B n ^ 1 ). 



(7.100) 



These are obtained from (7.99) as follows. In the first relation we simply used the facts that 
{Q 9,n \ is Grassmann even and that |$ s ) and |$ s ) commute with each other. In the second form 
we made use of the definition of the multilinear functions. In the third form we made explicit 
the 6q factor in the definition of |$ s )- In the last form we simply recognized the form of the 
reflector. Multilinearity of the product is manifest from the definition. Moreover it is also 
clear that the product is intrinsically Grassmann odd, because the multilinear functions are 
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Grassmann even and the sewing ket \R') entering the definition of the product is Grassmann 
odd. Finally the multilinear products are clearly graded commutative just as the multilinear 
functions. 

The multilinear functions and the multilinear products are simply related to each other 
via the linear inner product. In fact, using the last expression in (7.100) we have 

(A, {B u • • • , B n ^} g ) = e (A\c (e) ■ J (fi^|&- (e) |i?'oe>|5i> • • • |5 n _l), 

Vg,n 

= J (fi^|( e (A| c - (e) 6- (e) |i?'oe»|5i) • • • |£ n _i>, 

Vg,n 

= J (W> n \(A\R 0e )\B 1 )---\B n _ 1 ), ( 7 - 101 ) 

Vg,n 

= y(n^ n |A)|Si)...|5 n _i), 

Vg,n 

= {A,B l ,---,B n } g . 

Let us conclude this section by establishing two properties (given in (4.28) and (4.29) )that 
arise because of symmetry properties of the states. The first one is 

Yll--M®s,---} gi } g2 = 0, (7.102) 

s 

where the dots denote arbitrary string fields. This expression amounts to 

J^ J (n^ k (0,...k,l')\R' 0e )---\^ a ) {k y J (n^ m (l,k'---)\R' W )\^ s ) {k ,y (7.103) 



S V V 



92 ■ "i 



pushing the state |$ s )(fc) in front of the state |<& 5 Wa we get a sign factor (— )* s (since the 
operator in between is odd) and we recognize the sewing ket 

£ J (W> k (0,---k,l')\R> Qe )--- I (CV»> m (l,tf>--)\Kw)\Kkv).--' (7-104) 



s v„.„ v, 



92- 



This term vanishes because the product of kets \R'n>)\R'kk') is antisymmetric under the Hilbert 
spaces label exchange k <-> I'; k' *-* I, but the rest of the expression in (7.104) is symmetric 
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under this exchange. For the case of the identity 



£'(_)*-(_)*. [$ s) $ s) . . . f $ n $ r! . . .] = o. (7.105) 



r,,s 

the left hand side amounts to 



(W n (-- •,/,/',•••, k, k' ■■■)\---\R'w)\R'kk')---, (7.106) 



and this clearly vanishes for the same reason as in the case above. 

8. Establishing the Main Identity 

In sections §5 and §6 we learned how to find subsets V g , n , called string vertices, satisfying 
a nontrivial set of recursion relations and conditions. The reason they satisfy such relations 
is that sewing of the string vertices with the standard Feynman combinatorial rules gives a 
single cover of all relevant moduli spaces. In §7 we learned how to define string products as 
integrals of forms over the V g >n subsets. In the present section we will use the recursion relations 
satisfied by the string vertices in order to prove the identity satisfied by the string products. 
This identity, called the main identity, and given in (4.10), guarantees the consistency of the 
string field theory, as we have established in §4. It relates the failure of the BRST operator to 
act as a derivation on the string products to the failure of the string products to satisfy Jacobi 
type identities. 

We begin our work with the expression for the violation of the derivation property 

n 

(I) =Q[B 1 ,---,B n } g + J2(-) iBl+ - Bl - l) [Bi,---QB i ,---,B n ] g , (8.1) 

i=l 

and now using the expression for the string field product given in the last right hand side of 
Eqn. (7.100) we write (I) as 



(I) = 



J (W n+1 1 (o e \ R'oe) |Si) • • • \B n ) + £(-) (Bl+ '" Bl - l) \R'oe)\Bi) ■■■Q\B i )-.. \B n )\ , 

,n+l 

/n 
(W n+1 \(Q + J2Qi) \R'0e)\Bi) ■■■\B n ), 
i=\ 

Vg,n+1 

/n 
(n 9 > n+1 \(£Qi)\®sh\$s)e\B 1 )---\B n ), 

Vg.n+l 

(8-2) 
where use was made of the fact that (Q\ is Grassmann even to commute Q e through it, and in 
the second step we used the BRST property of the sewing ket (Eqn. (2.77)) and brought all the 
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BRST operators to the same position. In order to be able to use the BRST properties of the 
forms derived earlier it is convenient to break up the sewing ket and take out of the integrand 
the state with external label. Due to the presence of the BRST operators we get an extra sign 
factor of (— ) and therefore we obtain 

Vs '7 (8.3) 

where we used our standard notation for forms in P 5>n +i- We can now use the BRST property 
(7.49) and Stokes theorem to obtain: 

Vg,n+1 dV q , n +i 



But now recall that in §5 it was seen that (Eqn. (5.2)) <9V 5 , n +i = —d p Ri, where R\ denotes 
the Feynman graphs with one propagator, and d p , the propagator boundary, that is the set 
of surfaces obtained by gluing two elementary vertices via the sewing condition zw = t with 
t G dD, or by gluing two punctures in the same elementary vertex with the same sewing 
condition. These two alternatives are illustrated in Eqn. (5.1). Since we must keep track 
of the orientation of the manifolds where we integrate, the sign factor relating the vertex 
boundary to the Feynman diagram boundary implies that (8.4) becomes 

(i) =-£'|8»> e - /<*:."£. (8.5) 

S d P R! 

We have to understand now the behavior of the form tt^ 1 ' appearing in the above equation 
on the set of surfaces d p R\. To this end we break up the set of surfaces into the its two 
components 

d p Rx = R\ ree + R[ oop , (8.6) 

where R^~ ee denote the surfaces obtained by gluing two string vertices and R° op denote the 
surfaces obtained by gluing two punctures on a single string vertex. It follows from (8.6) that 
Eqn. (8.5) can be written in the form 

0) = - £' |5,) c ■ ( / nfcgSJ,' + / «S?.:X) ■ (8-7) 

' T>tree r,loop 

We now claim that the following 'factorization' equations hold 

97 






O (0)ff2,fc+1 

,„,,, ' 91+92=9 v " ' v " 

Z + fc = ri 



for the surfaces of the 'tree' type, and for the surfaces of the 'loop' type we get 

[ nk 1 2 g ' n £ 1 = ±Y\-)** + *' [ fi (0) ^i' n+3 . (8.9) 

J * S #i ■•■-»„ 2 ^ J $ s $ r $ r Bi-S„ V 7 

^°° P ' Vg-l,„+3 

Let us assume for the time being the correctness of the factorization equations above and 
complete the proof of the main identity. It follows by linearity that Eqn. (8.8) can be written 

as 

/ nfc&S! = £ (-) V*,A) / ngfcfV < 8 - 10 ' 

Dtree 91+92=9 ., 

Z + fc — n- 

where the state \X) is given by 

l*> = £'(-)*1*r> • J ^ B ft Bjk = [B n ---B Jk ] g2 , (8.11) 



V, 



92.fe+l 



where use was made of Eqn. (7. 100). Using now the definition of the multilinear product in 
(7.72) and incorporating the value of the ket \X), Eqn. (8.10) gives us 

/nfcSf.:S. 1= E (-iHiJ^^-Bir^^Bir^^},, (8.12) 



,„,. 91+92=9 

#1 {n,j fc };i,fc>o 

Z + fc-=n 



In a similar way the 'loop' factorization equation (8.9) can be written as 

/ nfcSS 1 ^E'H^I^^-^^-.^tr (8-13) 



rjloop 



Substitute now the results of the last two equations into (8.7) 

(!) = £'(-)*' +1 |**>e-( £ ^, Jfc ){<I. s ,5 ll ..-5„[5 J1 ..-5 Jfc ] 52 } 

C \ 01+00-0 



01 

91+92 = 9 

{»jjfc};*,*>o 

Z + fc-=n 



(8.14) 



+ \ £'(-)* P {**» *r, *r, Bi, • • • , B n }\ 

v / 
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but using the definition of the string product (Eqn.(7.100)) we find 

(f) =- J2 ^Jk)[B tl r--,B ln [B Jir ..,B jk }J gi -±J2'(-^ r [®rA,B 1 ,...,B n ] g _ v 

91+92=9 " r 

{t ( ,j fc };J,fc>0 

l-\-k = n 

Comparing with Eqn. (8.1) we have succeeded in showing that 

n 

=Q[B 1 ,.--,B n ] g + J2(-) {Bl+ - Bi - l) [Si, • • • QB U ■■■,B n ] g 

z=l 



5.15) 



J^ (r(ij, jfc) [B h , ■ ■ ■ , B u , [Bj, , ■ ■ ■ , B jk ] ] 



92-1 gi 



91+92=9 

{i l: j k };l,k>0 



5.16) 



+ ^£ / H* r [*r,*r,Bi,..., J B n ] ff _ 1 , 

r 

which is the desired result. In order to complete the proof we must establish the factorization 
relations that were assumed in the above derivation. 

Proving the Factorization Equations. Let us begin with the 'tree' type factorization equation. 
Consider the form fi' -1 -* for this case 

4:^. n s„W> • • • ^-6+2n+i) = i\ n+1 (£|b(vf ) ■ ■ ■ Mvf^e+aH.!)!*,)!^) • • • \B n ), (8.17) 

where the state (E| corresponds to a Riemann surface E G R{ ee . In order to emphasize the 
fact that the Schiffer variations are done on the punctures of the surface E we have included 
the superscript on the tangent vectors and on the associated Schiffer variations. 

A surface E e R^ 66 is built by sewing, so it actually determines two surfaces Ei and E2 
with coordinate curves around their punctures. This means that there is a phase ambiguity 
for the local coordinates, in particular for the local coordinates around the punctures that are 
to be sewn. This ambiguity makes the sewing parameter of the glued surface ambiguous. If 
we make a choice of marked points around the punctures of the surfaces Ei and E2 we obtain 
the surfaces Ei and E2 respectively, and we can determine the sewing parameter t. We write 

EeR tree ^ S = Ei U, E 2 , with Ei 6 V gi ,i +2 and E 2 6 Vg 2 , k+ i, (8.18) 

with l,k > 0, l + k = n, and where U$ denotes sewing with sewing parameter t = exp(i9). Note 
that the surface Ei has been assumed to contain the puncture corresponding to the state $ s , 
the / punctures corresponding to / states {B^), and one extra puncture r which is sewn to the 
puncture r' of the surface E 2 . This latter surface contains k additional punctures. The sewing 
statement implies that the states representing the surfaces E, Ei, and E 2 satisfy the relation 

(E| = (EiKEal^f^W) = (Ei|(E 2 | e ^( L o r) -4 r) )| jRrr , ) = (Ei|(E 2 K,). (8.19) 

Recall that the operator formalism construction of a state associated to a surface requires the 
complete specification of coordinates around the punctures. Since we only have (naturally) 
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coordinates defined up to a phase, to construct (E|, for example, we specify arbitrarily the 
marked points, this choice being irrelevant since the states that are to be contracted with (E| 
satisfy the Lq — Lq = condition. What we have noted is that the phase ambiguity around the 
local coordinates to be sewn must be fixed, in order to be able to define the sewing parameter. 
The phases around the other punctures of the constituent surfaces Ei and E2 are irrelevant. 
The surface E with unmarked coordinate curves will be denoted as E. 

We have to consider integration over the set of surfaces in i?^ ree . This space can be 
considered as a base space V gi j+2 x Vg 2 ,k+i with a U(l) fiber, representing the sewing angle. 
We will split the parameters of integration into a group of parameters defining the surface Ei, 
a group of parameters defining the surface E2 and the sewing parameter. Then we will see 
that the integrand factorizes, and we shall be able to complete the proof of factorization. 

The U(l) fiber is generated by deformations of the surface E associated with the sewing 
parameter. From E we determine uniquely two surfaces Ei and E2 with coordinate curves. We 
then make a choice of marked points around the punctures to be sewn and obtain the surfaces 
Ei, E2 and the sewing parameter t. We let Vq denote the tangent (in Tg(P)) generating the 
deformation ^, and let v|" denote the corresponding Schiffer variation. This Schiffer variation 
is supported on the neighborhood of the punctures of E, thus in particular, away from the region 
of sewing. It is clear from the fact that any tangent can be represented by a Schiffer variation 
that v^ exists, and is defined uniquely up to a Borel vector. This deformation, however, can 
be produced directly by changing the coordinates of the sewing ket by the corresponding phase 
rotation. We must therefore have that 

(E|T(vf) = (Ei|(E 2 |i(Lo -L Q )^\R e rr ,). (8.20) 

Since the connection conditions for the stress energy tensor are the same as those for the 
antighost field, the above equation implies that we must have 

(E|b(vf) = (E 1 |(E 2 K(6o-&o) (r) |^). (8.21) 

Let us now show how to obtain from a deformation of the surface Ei a deformation of 
the surface E. Again, from E we determine uniquely two surfaces Ei and E 2 , and then (by 
a choice of marked points) the surfaces Ei, E2 and the sewing parameter t. Now consider a 

deformation of the surface Ei, that is, a tangent vector V i x G Tg (V). We choose a tangent 

vector V i 1 G T^iV), which projects down to V i 1 as we forget about the phases of the local 
coordinates. We use this tangent vector V- x to deform the surface Ei, and then we sew 
the deformed Ei to E2 with sewing parameter t to get a deformed E surface. Let us denote 
the tangent that generates this deformation of E by \^ s (i,Ei), where the information inside 
the parenthesis indicates that this tangent originated from the i-th deformation of Ei. The 
vector V (i,Ei) is not uniquely determined, due to the choices made at several places. The 
ambiguity, however, is simple. Different choices would result in the addition to V (i, Ei) of a 
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vector along VF, which, as mentioned in the previous paragraph, corresponds to a change in 
the sewing parameter. Denote the associated Schiffer variations by 

Vf 1 <-► v El and \/ E (i,Si) <-► v E (i,Si). (8.22) 

While the vector v^ x is supported on all the punctures of Si, including the one to be sewn, 
the vector v (i, Ei) is supported around the punctures of S. The above discussion relating 
the deformations implies that 



(S|T(v^,Si)) = (Ei|(E 2 |T(vf 1 )|i^ r ,). (8.23) 

Again, a similar equation must hold for antighosts: 

(E|b(v E (*,Ei)) = (EiKEzMvf 1 )!^)- (8.24) 

The index % runs from one up to d\, where d\ = 2d gi j+2 is the (real) dimensionality of the set 
V gi j+2- A completely analogous discussion holds for the component E2 of the surface. In this 
case the index % runs from one up to d 2 , where di = 2d g2 ^i is the (real) dimensionality of 

We can now consider the form VlS~ ' of Eqn. (8.17), with input tangent vectors the vectors 
defined by the deformations of Ei, E2 and the sewing angle 

^f.'-S! ( V*(l, Si), • • • V*(d lt Ei) ; V*(l, E 2 ), • • • V*(d 2 , E 2 ) ; V? ) 
= iV 5 , n+ i(Ei|(E 2 | [b(v E (l, Ei)) ■ • -b(v E (rfi, Ei))] [b(v E (l, E 2 )) • ■ • b(v E (rf 2 , E 2 ))] (8.25) 
■b(vf)\R e rr ,)\$ $ )\B 1 )--.\B n ). 

Note that the number of antighost insertions associated to each of the surfaces is even. We 
now can use Eqns.(8.21) and (8.24) to rewrite the right hand side as 

= H $S iV 5 ,n + l(El|b(v El )...b(v El )|<l» s ) 

(Pi 2fi^ 

■ (E 2 |b(v E2 ) • • .b(v£)(t&o (r) |0)|Bi> • • • \Bn), 

where the sign factor appeared by commuting the state |$ s ) across an odd number of antighosts. 
We now rearrange the states to find 

= R*'<7fa; J fc )(*AWi)(Si|b(v El ) • ■■b^l 1 )\^s)\Bi 1 ) ■ ■ ■ \B U ) 

(R 27^ 

■ (S 2 |b(v E2 ) • • •b(v E ;)(6 - (r) |i?? r ,))|%) ■ • • \B jk ), 

where the sign factor a is the sign involved in rearranging the sequence (bo, B\, ■ ■ ■ B n ) into 
the sequence (B{ 1 ■ ■ ■ B^; bo; Bj 1 , ■ ■ ■ Bj k ). Let us now expand the sum over states involved in 
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the reflector to obtain 

= £R* r+ V»'; j fc )(2«iv 5 , n+1 )(s 1 |b(vf i ) • • Mv%)\*°)\ B *) ■ ■ ■ l fl OI*r> 

r 
■ (S 2 |b(vf 2 ) • • -b(vg) [i- exp(i0Lo)\* r )] \B h ) ■ ■ ■ \B jk ), 



f8.28) 



where in the sum one includes states that are not annihilated by L Q . We now use the relation 

(2Tri)N g , n+1 = N gul+2 N g2jk+1 , (8.29) 

which follows from the definition of N in (7.37) and 

d g ,n+i = 1 + d gij i + 2 + dg 2) k+i, (8.30) 

which is the familiar statement that the ingredient spaces on the left and on the right of the 
geometrical equation differ by complex dimension one. Equations (8.28) and (8.29) imply that 

= Y(-)*'+*'a(i l ;j k )nW' 9l > l+2 _ { y^ .y^y^oUiMi (f V .yJ 2 ). (8.31) 

^ y ' W ' W #.B il -B if * P v 1 ' d i ; sre»P(»^o)*r]Bi 1 -Bi h v 1 ' <fe ' V ^ 

r 

Note that we have obtained a relation between forms defined on different spaces. The best way 
of thinking about the above equation is that given the sets of tangents in Tg and Tg we have 
shown that the right hand side equals the form on the left hand side evaluated on associated 
tangents in Tg. It is necessary that whatever choices we made to get the tangents in Tg the 
result of the left hand side is the same. This is clear, because as we discussed before, the 
ambiguity amounts to changing the tangents in Tg by vectors along Vf 1 . Thus, for different 
choices Eqn.(8.23) would read 

(S|[T(v E (^,S 1 )) + T(v, s )] = (EiKEalTCvf 1 )!^). (8.32) 

The related equation for the antighosts would read 

(S|[b(v E (^,S 1 )) + b(v, E )] = (S 1 |(S 2 |b(v El )K,), (8.33) 

and if we used this in relating Eqns.(8.26) and (8.25) we would find that the extra terms vanish 
due to the presence of b(v E ) in (8.25). We are now essentially done. In integrating over i?^ ree 
we must consider all possible splittings, as indicated in the geometrical equation (5.1). Thus 
we have 

1 v-^ 



Dtree 91+92=9 ,, ,, 

Z+fc— n 



2 Z. /■/■/■ ( 8 - 34 ) 



where j sl is the integral over the sewing angle. Since we always want to consider the state $ s 
as inserted on the surface which is said to have genus g\, the terms in the geometrical equation 
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when <3> s ends up in the surface of genus (?2 are relabeled and simply cancel the factor of 1/2 
in the above equation. Integrating equation (8.31) using (8.34) we have 

"&K = B-}*' + *' E ««.») MY!* ■ f ams " k+1 



$ s B n -B H <f> r J [JgexpiiOLoWrlBn-Bj 



1 

J 3k 
ntree ' 31+92=9 , , " ' . " 

"1 {»j,jfc};l,fc>0 •'91, 1+2 Vg^k+\ 



(8.35) 
where the integral over the sewing parameter went into the state in the second form. This 
integral simply projects to the subspace of states annihilated by Lq . This reduces the sum 
over all states r to the usual sum J^ , whereupon the above equation is precisely the first 
factorization equation. 



We must now deal with the case of the 'loop' factorization equation. Given a surface 
£ G R° op of genus g and n punctures, by cutting the surface along the sewing line, and 
restoring back the semiinfmite cylinders, we obtain the surface E , where the 'o' stands for 
open (the surface was opened up) and the hat indicates that there is no canonical definition 
of the phase of the local coordinates around the two punctures in question. We then make 
a choice of the phases by marking arbitrary points in the coordinate curves associated to the 
two punctures, and obtain the surface S (no hat). At this stage the sewing parameter t 
corresponding to the surface E can be determined. We therefore have 

(E| = (£ |t L °'Y° r) |i?r-r'> = (Eole^-^Vrr') = (E |i&,). (8.36) 

Again, our concern is the form Q^ ' that reads 
"fcSf.'.S. 1 ^. • • • ^j-6+2n+i) = AT 5 ,n+i(£|b(vf ) • • • b(vf g _ 6+2n+1 ) |*,) |Bi> • • • \B n ), (8.37) 

where now E G R° op . This time the 6g — 6 + 2n + 1 dimensional region of integration, 
corresponding to that number of antighost insertions in the above, must be related to an 
integration over V 3 -i jn +3, which is of dimension 6g — 6 + 2n, plus an integration over the 
sewing angle. Just as we did in the 'tree' case, we now have that 

(S|T(vf) = (£ o |*(L -I ) (r) |iC>, 
(E|b(v^ = (E |i(fe -6o) (r) K'), 

where v^ is the Schiffer variation corresponding to the tangent vector Vq that generates the 
deformation 8/ 89. Also (in a way analogous to the way we discussed the other deformations 

in the tree case) for a given E once we fix E and the sewing parameter, a tangent V i ° can be 
used to choose a tangent V i °, and this tangent is used to deform the surface E , which is then 
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sewn back to give a deformed E, thus defining a tangent K E (i, S ). This tangent is ambiguous 
up to a vector along the tangent Vp. We therefore have, denoting the Schiffer variations by 

Vf° <-► vf° and \/ E (*,£ ) <-► v E (*,£ ), (8.39) 

that 

<£|T(v E (*, S )) = (S |T(v E °) |<,), 

(S|b(v E ( ? ,S )) = (S |b(v E °)K,). 

Letting d = 2d ff _i ; n+3 = 6g — 6 + 2n, we then have that Eqn.(8.37) can be evaluated for the 
tangents discussed above giving 

= iV +1 (£ | [b(v E (l, E )) • • -b(v E (rf , S ))]b(v E )|i?f r ,)|$ s )| J B 1 ) • • • \B n ). 
We now can use Eqns. (8.38) and (8.40) to rewrite the right hand side as 

= ^(-)^(2«iV, jn+1 )(S |b(v E °) • • •b(v E ;)|$ s > [b {r) ± exp(i0Lo )|* r >] l*r>l fi i> ' ' ' l S ">' 

(8.42) 
where the sign factor appeared by moving the state |$ s ) through b^. Using the form notation 
(and the same observations as we made before with the normalization factor) we find 



r 
loop 



*.[£exp(t0Lo)*r]*rBi-H 

The integral over i?'^^ can be written as 



1 

~~ 2 

_Rj ° P Vg_l,„+3 S* 1 



(8.44) 



and using this on (8.43) we find 

J U ^B 1 ...B n - 2 2J< > J %/fexp^L-)^]^...^' [ * Ab) 

R[° OP ' Vg-l,„+3 

and upon doing the integral over 8 the sum over states reduces to the sum over states satisfying 
the Lq constraint, and the above equation becomes precisely the 'loop' factorization equation 
we wanted to establish. All in all this concludes our proof of the main identity. 
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9. Algebraic Structures on the BRST Cohomology 

In this section we wish to connect our study of the algebraic structure of both the classical 
and quantum closed string field theory to the algebraic structures derived in the context of 
two-dimensional closed string theory. It was observed by Witten and the author [17] that the 
tree-level Ward identities of the theory could be neatly summarized as a homotopy Lie algebra 
on the BRST cohomology, with products 1712,1713,1714 ■ ■ ■ ... E. Verlinde [18] showed that the 
complete higher genus Ward identities could be obtained from a generating function satisfying 
a Batalin-Vilkovisky type master equation (for applications of the Ward identities see also Ref. 
[53]). In both works the possible relation to similar structures in closed string field theory was 
pointed out. In this section we derive the connection, by showing how to obtain from the basic 
identity relating the products in string field theory the structures on cohomology. 

We have shown in §6.4 that the string vertices have 'stubs' of length -n around each punc- 
ture. These stubs prevent the appearance of curves that are shorter than 2n when vertices 
are sewn together. Accordingly the string vertices V g , n include all surfaces whose internal 
foliations are all of height smaller than 2ir. We observed that the length of the stubs can be 
changed at will, as long as they are kept longer than n. For stubs of length / the string vertices 
Vg, n (l) include all surfaces whose foliations are all of height smaller than 21. The important 
thing to realize is that as we let the parameter / grow every set V g , n becomes larger and larger. 
This happens because V ffi n(Z) C Vg, n (0 for / < /', which in turn, is manifest from the above 
description of the Vs. Thus, the sets M. g , n — Vg,n(}), as I increases, are becoming smaller 
and smaller neighborhoods of the compactification divisor of Ai g , n (the set of noded surfaces 
in Aig^n). As I — ► 00 these sets go simply into the noded surfaces. Equivalently, as I — ► 00 
Vg,n -^ Mg^n (the moduli space without compactification, or nodes). One may think, at first 
glance, that the growth of all vertices is incompatible with the fact that the Feynman graphs 
produce smaller and smaller neighborhoods of the compactification divisor, but this is clearly 
wrong, as the above discussion makes manifest. Indeed, think of the limit I — ► 00, when the 
propagator simply joins surfaces through a node. The nodes of M-g, n actually correspond to 
the sets M. guni x Ai g2) n 2 with g\ + #2 = 9\ n i + ^2 = n + 2, plus the set M. g -i, n +2] namely, 
the nodes include full copies of the lower dimensional compactified moduli spaces. Therefore, 
given that the propagator just joins surfaces through nodes, the lower vertices V g , n must all 
coincide with the spaces Ai g , n m order for the Feynman graphs to produce the whole set of 
noded surfaces. 

Consider the structure of the multilinear functions {• • -} g , constructed explicitly in §7. 
They give, for a given set of of n states B{, the integral over V 5 , n , with the Polyakov measure, 
of the correlation function of those states. Thus, they simply give us the part of the string 
amplitude corresponding to the subset V 5>n of M.g,n- Therefore as I — > 00, and as a consequence 
Vg,n{f) -^ -Mg,n, the multilinear product goes into the full string amplitude for the states B{, 
associated to the corresponding genus (Of course, this assumes that for the given choice of 
external momenta, or parameters, the amplitude is finite, since otherwise the infinite part 
would indeed come from the neighborhoods of the noded surfaces, and the limits would not 
make sense). 

105 



Consider the following sum of multilinear functions in which each term has a BRST oper- 
ator acting on a state 

{QB h B2,---,B n } g + (-) B '{B h QB 2 ,--.,B n } g + -.- + (-) B ^- B ^{B 1 ,--.,QB n } g , (9.1) 

and the multilinear functions now correspond to integrals over the full moduli space M. g , n - 
This can be rewritten as 



d o(- 1 )5.« 



Tl 

£(-)£i> {Bl ,..,Q Bj ,.., B „} 9= J n^ ]Bv „ Bn = J 

Mg,n M g ,n /q n\ 



dM g , n 

where we used the definition of the multilinear functions, the BRST property of the forms, 
and Stokes theorem. We now argue that the final expression should be taken to be zero 

n 

J2(-)^ Bk {B lr ■ ■ ,QB ir ■ ■ ,B n } g = 0. (9.3) 

Basically, what we are saying is that if the original integrand is well defined in M.g, n (rather 
than just .M ff , n ), that is, the integrand does not diverge at the degenerate surfaces, then the 
original integral could have been done over -M 5 , n , and since this space has no boundary we 
do not get boundary terms. This is the essence of BRST decoupling, it is clearly a formal 
statement since one must check nice behavior near degeneration (Making sure this holds can 
require analytic continuation on external parameters, and typically at the quantum level, 
correcting the two-dimensional conformal field theory). We will assume Eqn. (9.3) holds. The 
usual statement of BRST decoupling is that 

{®t,B 2 ,B 3 , ■■ -B n } g = 0, (9.4) 

where $t denotes a BRST trivial state, namely, |$t) = Q\a), and all the \Bi) states, with 
i > 2, are annihilated by the BRST operator. This equation follows from (9.3) if we take 
B\ = a. Moreover, for arbitrary states \a) and \j3), and states \Bi) annihilated by Q for i > 3, 
we also have 

{Qa, [3, B 3 , ■ ■ ■ , B n } g + (-)«{«, Q0, B 3 , ■ ■ ■ B n ) g = 0, (9.5) 

which follows from (9.3) by taking B\ = a and B 2 = f3. The two equations above will be of 
utility to us later. 

We now consider choosing a suitable basis of states. The states |$ s ) of the conformal 
field theory, satisfying the b^ and Lq constraints will be decomposed into physical states $p, 
or semi-relative cohomology classes (states annihilated by Q, that are not Q on something), 
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trivial states \$t) (states that are of the type Q on something) and unphysical states |$ M ) 
(states that are not annihilated by Q). The physical states are ambiguous up to trivial states, 
and the unphysical states are ambiguous up to the addition of physical and trivial states. We 
choose a basis of states such that the unphysical states, are all orthogonal to each other and 
orthogonal to the physical states. Moreover, since the trivial states must be all orthogonal 
to each other and to the physical states; upon choosing this basis we have that the states 
conjugate to physical states must be physical states and that the trivial and unphysical states 
are conjugates to each other. A detailed discussion on how to arrive to such basis has been 
given in Appendix C of the second paper in Ref.[14]. Given an unphysical state \Q Ui ) denote 
the associated conjugated state by \&t' x ), that is 

\K) = |*r«>, (9-6) 

we then define 

\K) = K\K) = W*Vi) = \*u)- ( 9 - 7 ) 

Therefore we have that 

|$ Ui ) = |$ ti ), and 1^) = -!$^), (9.8) 

where the second relation is readily established. Using this basis of states, an arbitrary string 
product can be written in the form (using the second equation in (7.100)) 



[B 1 ,B 2 ,---,B n ] g = Y,\-)*'\*8)-{*s,B 1 ,.--,B n } g 

s 
P 

+ £(-)*"< (l**i> • {**, Bi, • • • , B n } g + \$ Ui ) ■ {* u , B h ■ ■ ■ , B n })j . 

(9.9) 
where two minus signs (the first from the opposite statistics of $ Ui and $^, and the second 
from (9.8)) cancelled in the last term of the right hand side. 

We can now begin our reduction of the main identity (4.10) to physical states. Accordingly 



* The first relation implies Cq |3>t) = |$„) and this together with (2.48) implies that ($ u |c^"|$t) = (—)*"■ 
The second relation implies |4>£) = — c^"|$„), which, using (2.58), gives us ($j| = (—)*"($„ |cq . This 
result, together with ($^ |$ t ) = 1, agrees with the result derived from the first relation. 
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we take all of the B states to be physical and use the above to obtain 
= £(-)*"*QI^> • {**, B U ■ ■ ■ , B n } g 

i 

91,92 \ p 

{i t ,j k }l,k 

+ EH*" [B h ■ ■ ■ B in $ ti ] gi ■ {^ Ul ,B n , ■ • ■ , B 3k } g2 

i 

+ Q-)*«.[B il ...B !l) $ Mi ] 9i .{$ ( „B J1) ..,5 Jt }J (9.10) 

i ' 

+ 1E , h* , (D-)^^I*^-*^'--H-i 

a V 

+ J2(-f Ui \®u) ■ {$«„$*, *., Bi, • • • , B n } g _ x 

i 

This equation is really three equations, that is, the coefficients of the physical , unphysical and 
trivial states should vanish. Let us pay attention now only to physical states. From the above 
equation we then find that for each physical state labeled by p' we must have 

91,92 \ p 

+ J2(-)^{%',B il ---B il ,® ti } gi .{® Ui ,B jl ,...,B jk } g2 

i 

+ ^(-M$ pS B ll -5 I11 $ M ,} si -{$ fil B J1 ,- 1 B J J 

i 

+ lY!(-f S {^P'^^s,B h ---,B n } g _ v 

s 

Let us now consider the case when the multilinear functions use the full moduli spaces Ai g ,n, 
and become the string amplitudes. BRST decoupling of trivial states in Eqn.(9.4) implies that 
the second and third term in the above equation vanish. Therefore, if we work at genus zero, 
when the last term is not present, we have 

0= E <7(ilJk)(-f p {$p>,B il ---B il ,$ p } .{$ p ,B jl ,...,B jk } , (9.12) 

P,{»iJfc}i>l,fc>2 

Z + fc — n 

which is the form of the Ward identities derived in Ref. [17] in the context of 2D string theory. 
They involve only physical states. For the case of higher genus we must still do some work since 
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(9.11) 



the sum over states s in the quantum term of (9.11) involves physical, as well as unphysical 
and trivial states. Consider this term and expand the sum over states as usual 



\ Y^i-f'i^p', ®s: *» Si, ... , B n } g _ x = l - £(-)**{*„, *p, %, Si, ... , B n } g _ t 

s p 

+ \ E(-) $ti {*^ ***> -**, si, • • • , b4 5 _ 1 

+ \ E(") $Ul {*** **,**,, *l, "• , B n } g _ r 

(9.13) 
Since the statistics of $ Mi and $^ are opposite to each other the last two terms add (rather 
than cancel out!) 

^V)*'{^*.,**,Si,...,A,} fl _ 1 = ^H* p {^,*p,*p,Si,...,s n } fl _ 1 

P _ (9-14) 

+ ^(-Mfy,l„f tt „B 1 ,.,B tt } 



This is not surprising since we have not yet used the BRST properties of trivial and unphysical 
states. We will now show that indeed 

£(-)*"* {*„, $ Wi , K, Bi, ■ ■ ■ , B n ) = 0, (9.15) 



by use of the quartet mechanism of Kugo and Ojima [28]. The basic idea in this mechanism is 
that an unphysical state determines three other states, and the four together form a quartet. 
The unphysical state, acted by the BRST operator gives us a trivial state. These two states 
form a BRST doublet. Now, the unphysical state must have a tilde conjugate state, this 
conjugate state must be trivial, and therefore together with the state it arises from by action 
of Q forms another doublet. These two doublets form a quartet. This may be sketched in the 
following diagram 

§u — ► Qoi u 



(9.16) 



:-)*»q$« 



a,. 



As we see, the unphysical field, via tilde conjugation gives us the trivial state Qa u , then clearly 
a u is unphysical. The nice property is that the tilde-conjugate of the unphysical state a u is 
the trivial state QQ U , with the sign given correctly in the diagram. As equations, the above 
diagram says that 

|$ w > = QK> - \a u ) = (-)*«Q|$ tt ). (9.17) 
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Note that the states $ M and a u have the same statistics. Now, going back to Eqn. (9.15), we 
have to sum over unphysical states. We do this sum by pairing the unphysical states, and we 
will sum over the possible pairs (<J> W , a u ). We therefore get 

Yl H $U ({*?, *u, Qou, B h ■ ■ ■ , B n } ff _ 1 + {$ p >, a u , (-) Q "Q$ U , B h ■ ■ ■ , B n ) \ . (9.18) 

pairs 

It now follows from (9.5) and the graded-commutativity of the multilinear functions that 

{Qpr, a u , (-) Q "Q$ U , B h ■ ■ ■ , B n } = -{$?, Qa u , $ w , Bi, ■ ■ ■ , B n ) 

(9 19) 
= -{$ pl ,$ u ,Qa u ,B 1 ,---,B n } gV 

and back in (9.18) we get the desired cancellation. It should be noted that for unphysical 
states whose unphysical partner is the same state (a u ~ $ M ), as may happen for states of 
ghost number two, the single contribution to the sum is vanishes by the same argument. 
Therefore we have verified that the unphysical and trivial states decouple from the sum and 
we finally have 

o=E <T ( i '>j*)D-)* p {*p'^i-^.*p} sl -{*p.%.-,Bj i } J4 

SI ,92 p 

i; ' ;!/I ' (9.20) 



+!D-)* b {^^*^i.- I A,L 1 . 



2 

p 

This equation is the reduction of the main identity to physical states, and indeed all sums over 
states run only over the physical states of the theory (the semi-relative BRST cohomology 
classes). If we now define the new physical string product 

[^■■■Bn\ g = ^(-f p ^ P )- {$ p ,B h ... : B n } g: (9.21) 

p 

where the sum only involves physical states, the previous identity reads 
0=J2 cr(i^ fc ){*^fl il ...fl il ,[B^ 

91.92 p 

{i t ,j k }l,k 

(9.22) 
As in Eqn. (4.11) which applies to the starting point for our present derivation of (9.22), we 
have that the sum over splittings runs over all /, k > with / + k = n > 0, but with / > 1, 



* A derivation of the signs is sketched for the convenience of the interested reader. The first relation in 
(9.17) gives |$£) = c^Q|a„) and this together with ($ u |$£) = (-)*" gives us ($„|cq QK) = (-)*". 
On the other hand the second relation in (9.17) gives |a£) = (— )*"c Q|$ u ), and using (2.52) and (2.58), 
one finds that «| = (-)*"+ 1 ($„|Qc ( 7, which implies (a c u \a u ) = (-) $l ' +:L ($„|(3c ( 7|a u ) = 1. This last 
inner product agrees with the one following from the first relation in (9.17) after using ($„| = ($ u |cq 6q 
to interchange the relative positions of Q and Cq . 
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when g\ = and k > 2 when g 2 = 0. These latter restrictions are not necessary, however, 
since the / = terms vanish due to {&p>, [Bj 1 ■ ■ ■ Bj k ] }q = (3y, Q[Bj 1 ■ ■ ■ Bj k ~j ) = 0, and 

the k = and k = 1 terms vanish because [ • ]„ = 0, and [-£?]„ = QB = 0, respectively. 

Let us now recover the master equation for physical states. We define now the on-shell 
string field \^o) which is simply the string field with the sum over states in the Hilbert space 
of the conformal field theory restricted to the states in the semi-relative cohomology. Thus in 
defining fields and antifields we simply have 

i* ) = i* _> + i* 0+ >, i*o-)= E i^>^> i*°+> = E \®p)^li ( 9 - 23 ) 

G{%)<2 G{%)<2 

We take for the master action, the same master action given in Eqn.(4.67), but where the 
string field is now the on-shell field defined above and the multilinear functions use the full 
moduli spaces. This will be called the on-shell master action. Since we only have physical 
fields, there is no genus zero quadratic term in the on-shell master action. Every term in the 
on-shell action is the string amplitude for the corresponding states. We will now argue that 
this on-shell master action satisfies the master equation. 

Our first step is to get Eqn. (9.22) in a more convenient form. We take B{ = \& for all i, 
and moreover <ly = \l/ . Then with I = n\ — 1, k = ri2, and I + k — n — 1, the above equation 
gives us 





(n-1) 



f- ( ni -l)\n 2 \ x ° ' L ° Wsi 



{^A*T}J gi + lY,(-f p {®p^p^o} 9 -v ( 9 - 24 ) 



91,92 
n^ >l,n2 >0 



l l- 



=n>l 



Since this equation is entirely analogous to equation (4.63) we have that the above implies 



91,92 



ni \n 2 \ l ° L ° '9^9i 2 



/' 



which is the analog of Eqn. (4.66). Since this equation was the basic ingredient in the verifi- 
cation of the master equation in the general case, we will now just go over the steps involved 
and see that everything goes through in the present conditions. The derivation begins in 
Eqn. (4. 72), and wherever we see Yl s we mus t remember the sum is only over physical states. 
The derivation goes through until Eqn. (4.76), where it is clear that we can indeed replace the 
restricted sum over physical states by the complete sum ^ . Then we can simply use the 
derivation up to Eqn. (4.80). The analysis of the second term of the BV equation simply goes 
through, using the restricted sums. This shows that indeed the BV master equation is satisfied 
by the on-shell master action and concludes our derivation. 

In Ref. [17] the action reproducing the three point couplings of the physical states represents 
(the restriction to ghost number two states of) the cubic term in the on-shell master action 
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for two-dimensional closed string field theory. The physical states in two-dimensional closed 
string theory can be described in terms of differential forms on a three dimensional space and 
their couplings in terms of gauge theory in that space. The significance of the on-shell master 
action suggests that it should be of interest to derive its complete form for two-dimensional 
closed string theory. 
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FIGURE CAPTIONS 

1) Consider the family of metrics pt with t G [0, 1]. The area function A(pt) is a strictly 
convex function of t. This can be used to show the uniqueness of the minimal area 
metric. 

2) Two saturating geodesies C\ and C2 intersect at a point p\ where the metric is smooth. 
One can show their intersecting elsewhere (as in the figure) leads to a contradiction. 

3) (a) A minimal area metric must be isometric to a semiinfinite cylinder of circumference 
27r for some neighborhood of each puncture. This cylinder must end somewhere: the 
boundary of the maximal region with saturating geodesies homotopic to the puncture 
is the curve Cq. A curve C\ is the saturating geodesic in the cylinder a distance / away 
from Co- The coordinate curves will be taken to be the C n curves, (b) The property of 
amputation states that if we amputate the semiinfinite cylinder along C\ for / > 0, the 
metric of minimal area on the cut surface is simply the restriction of the original metric 
on the complete surface. 

4) This figure is used to prove the cutting theorem. Shown in (a) is a surface 1Z which has 
a foliation F of height 2tt + 25. This surface is cut along the middle curve C to obtain 
the cut surface 1Z C shown in (b). In (c) we show a typical curve crossing C. 

5) This figure is used for the proof that a Schiffer vector that extends holomorphically away 
from the puncture does not change any data. In (a) we show the surface 1Z broken up 
into a disk D and the rest. In (b) we show the surface 7Z' obtained by variation. In (c) 
we show once more the surface TZ broken up in a different way. 
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